Sparsity Regularization for
Electrical Impedance Tomography

Master of Science Thesis

by
Henrik Garde

January 2015

Department of Mathematics
Technical University of Denmark

=
=
—

I DTU Mathematics

i






Sparsity Regularization for
Electrical Impedance Tomography

Author:
Henrik Garde

Signature

Supervisor:

Kim Knudsen

DTU Mathematics
Department of Mathematics

Technical University of Denmark
Matematiktorvet, Building 303 S
2800, Kgs. Lyngby

Denmark

Email: MAT-INSTADM@mat.dtu.dk

Project period: September 1, 2012 - January 25, 2013

Workload: 30 Honors ECTS
Degree: Master of Science
Programme: Mathematical Modelling and Computation (Honors)

Copyright: (© Henrik Garde, 2013






Preface

This thesis was prepared at the Department of Mathematics at the Tech-
nical University of Denmark (DTU) in fulfillment of the requirements for
acquiring an M.Sc. in Mathematical Modelling and Computation. This the-
sis is the conclusion of my honors programme at DTU, and the workload is
to be reflected by this. The work was conducted from September 2012 to
January 2013 under supervision of Associate Professor Kim Knudsen from
DTU Mathematics.

The thesis deals with sparsity regularization and total variation regular-
ization for electrical impedance tomography reconstruction, and the use of
prior information to improve solutions. The theory is mainly based on the
articles Jin and Maass (8], Jin et al. [9].

The prerequisites for reading this thesis is familiarity with functional analy-
sis in terms of continuity, boundedness, and Hilbert spaces. A basic knowl-
edge of distribution theory and measure theory is helpful, but not strictly
necessary to understand the material. It is recommended to be familiar
with Sobolev spaces and their role with regard to partial differential equa-
tions (PDE) and weak forms for PDE’s. There is a short description in
Appendix B giving the basic definitions for Sobolev spaces, and Appendix
C lists some convenient results that will be applied throughout the thesis.

Henrik Garde
January, 2013
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Abstract

This thesis deals with the inverse problem that arises from electrical impe-
dance tomography (EIT) reconstruction. Here the mathematical foundation
is laid for solving the forward EIT problem uniquely, along with continuity
and differentiability results for the forward problem.

The inverse EIT problem is investigated in great theoretical detail with re-
spect to regularization techniques, where sparsity and total variation regu-
larization are used to iteratively give approximate solutions to the problem.
The use of multiple datasets and partial data are investigated, along with
their respective effect on the solution. The idea of using prior information
is applied throughout the thesis, in order to improve these approximate so-
lutions, for instance in terms of the gradient used in the iterative algorithm
and the bias that is introduced by the regularization.

Furthermore, I have engineered specific basis functions into the solutions of
sparsity regularization, by using different parameters for each basis function.
This successfully improves the solution to a degree where it is possible to
reconstruct sharp edges and the correct contrast, even for very difficult
inclusions, something that is otherwise unheard of for a problem as ill-posed
and non-linear as EIT. Prior information is also applied in an experiment
to have total variation regularization determine an approximation to the
support of an inclusion, and use this information to improve the solution
from the sparsity regularization.

The iterative methods have been implemented successfully in Python using
FEniCS [31], that is based on the finite element method.
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Introduction

Electrical impedance tomography (EIT) is an imaging technique for which
electrodes are placed on the surface of the body, emitting small amounts of
current through the body (see Figure 1.1). The resulting voltage distribu-

Figure 1.1: Electrodes placed on the chest, used for EIT reconstruc-
tion. URL: http://en.wikipedia.org/wiki/Electrical_
impedance_tomography.

tion at the electrodes are then measured and constitutes the data for the
mathematical problem. This allows for estimation of the electrical conduc-
tivity inside the body, which varies for different parts of the body such as
blood, bone, and muscles. The EIT method is especially good at measuring
the lung capacity since air has practically no electrical conductivity and
therefore the expiration and inspiration state of the lung yields very differ-
ent conductivities in the same part of the body [27], which by difference
imaging leads to estimates of the air distribution in the lungs as seen in
Figure 1.2 on the following page.
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Figure 1.2: Air distribution in lungs of a patient, using the device
Pulmovista 500. URL: http://campaigns.draeger.com/
pulmovistab00/en/#introduction.

In biological tissue the electrical conductivity varies from 107% to 102S/m
(measured in Siemens per metre) [12], the conductivity of a small selection
of tissues can be seen in Table 1.1. The fact that the conductivity spans
several orders of magnitude, with clear distinction between different types of
tissue, hints that it can be used for medical imaging, i.e. that reconstructing
the electrical conductivity in the body can produce images of the insides of
the body. It should be noted that electrical conductivity depends on the
applied frequency, however this is often neglected since the measurements
are performed at a fixed frequency [12].

Tissue Conductivity (S/m)
Wet skin  3-1073
Blood 7-107¢
Fat 2-1072
Liver 5-1072

Table 1.1: Conductivities for different types of tissue, at a frequency of 1
kHz [12].

EIT is harmless and the current that is sent through the body is below the
threshold of the patients’ perception. Unlike many other imaging techniques
the actual equipment required to acquire the data is quite cheap. However,
due to the highly non-linearity and ill-posedness of the underlying inverse
problem, EIT does not perform up to par with other well-established imag-
ing techniques such as CT or MRI when it comes to spatial resolution, and
with EIT it is almost impossible to reconstruct any form of sharp edge.
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The strengths of EIT, beyond being a harmless and cheap method, is also
the speed of the measurements and contrast resolution, making EIT a good
candidate for supplementing mammography or MRI in early breast cancer
detection, since the former methods have a high false positive rate.

One may argue that EIT is actually not a tomographic method, as the
word tomography roughly translates to constructing images in slices, which
is actually not the case with EIT, since the current will not be confined to
some hypothetical plane. Due to this fact, EIT is intuitively made for 3D-
scanning, and solving the inverse problem in 2D can mostly be considered
as investigating the mathematical and numerical aspects of the problem,
where a proper 3D solution would probably be better suited for practical
purposes.

1.1 Deriving the Mathematical Model

Now that a small motivation is given for EIT, it is about time to investigate
the underlying mathematical model. It is also worth remembering that
while we want a good spatial resolution for a reconstruction, this may simply
not be possible, so the goal is to get a reasonable spatial resolution and
hopefully be able to get a good reconstruction of the contrast.

As mentioned earlier the practical problem is inherently three-dimensional,
and therefore z € R? denotes the spatial coordinates in some open bounded
domain Q C R3, and t the temporal coordinate. In order to model the
behaviour of EIT it seems appropriate to start with Maxwell’s equations,
which are a set of coupled PDE’s that can model the propagation of electro-
magnetic fields. These equations consists of Faraday’s law, Ampére’s law
(with Maxwell’s correction term), Gauss’ law of magnetism, and Gauss’
law,

V x E=-0,B, (Faraday’s law) (1.1)
VxH=J+0D, (Ampere’s law) (1.2)
V-B=0, (Gauss’ law of magnetism) (1.3)
V-D=np. (Gauss’ law) (1.4)

Here 0; denotes a partial derivative in t. E(z,t) is the electric field intensity,
B(z,t) is the magnetic flux density, D(x,t) is the electric displacement field,
H(z,t) is the magnetic field intensity, J(z,t) is the free current density, and
p(x,t) is the free electric charge density [27].
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In EIT the current density takes a special form, namely, J(z,t) = J(x)e™"
for some temporal angular frequency w, which in turn yields that all the
entities in (1.1) through (1.4) are on the form F(z,t) = F(x)e™" [27].
Inserting this into (1.1) and (1.2) yields

V x E(z)e™ = —0,(B(z)e™") = —iwB(z)e™",
thus
V x E(x) = —iwB(z), (1.5)

and similarly
V x H(z) = J(z) + iwD(x). (1.6)
Seemingly (1.5) and (1.3) and are not coupled with (1.6) and (1.4), however,

this is in fact the case when looking at the electric permittivity e(z,w),
magnetic permeability p(z,w), and the electrical conductivity o(x,w)

D =e(x,w)E, (1.7)
B = p(z,w)H, )
J=o0(z,w)E. (1.9)

Now investigating £/ and B about = 0 via Taylor expansions yields

E(r,w,p) =E(r,w,0)+ 0,E(x,w,0)p+ %azE(x,w,O)MQ + ...,
:E0+/,LE1—|—/,L2E2+
B(z,w, ) = By + uBy + pi*By + . ..

According to Mueller and Siltanen [27| p is very small in the human body.
Thus ignoring anything but the leading order term for (1.5) and approxi-
mating By = 0 by setting i = 0 in (1.8) leads to

V x Ey = 0. (1.10)

Due to (1.10) the electric field is conservative and can therefore be deter-
mined by the gradiant of the electrical potential u [12] by

Ey = —Vu. (1.11)

Since the divergence of a curl is always zero', inserting (1.7) and (1.9) into
(1.6) and taking the divergence on both sides of the equation, yields

V- [(0 +iwe)E] =V - (V x H) = 0. (1.12)

Lrom Schaum’s Mathematical Handbook of Formulas and Tables.
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Now only looking at the zeroth order term Ejy, and inserting (1.11). For
w = 0 we arrive at

0=V.(0Ey) =—-V-(cVu). (1.13)

(1.13) is the PDE of interest in EIT. The problem can be formulated the-
oretically in 2D which is a beneficial representation for various reasons.
Some being that it is easier and faster to solve PDE’s in lower dimensions,
however, it is also much easier to visualize the solutions. Additionally, one
should be able to solve the problem in 2D before trying in higher dimen-
sions. Therefore in the remainder of this thesis we only consider the domain
Q) C R? where Q is open and bounded with a smooth boundary. Now by
(1.9) the current density that is measured along the boundary is

ou
— = 00— 1.14
Ton =00, (114

where n is the outward unit normal on the boundary 02. Applying Green’s
second identity (Theorem C.2 using 1) = 1, € = 0 and ¢ = u) and inserting

(1.13),
ou
—/ st:/ a—ds:/v-(UVu)dx:(). (1.15)
a0 oo On Q

Thus the current density is conserved over the boundary, which reduces to
Kirchoft’s law of charge conservation.

Now we can formulate the actual model as

—V - (o6Vu) =01in Q, (1.16)
a% = g on 02, (1.17)

for some g representing the applied current density satisfying |, a0 9ds = 0.
This model is known as the continuum model, since it assumes that we
have the Neumann-data ¢ available everywhere on the boundary. Another
popular model, is the complete electrode model which more precisely models
the discrete electrodes that are used for measurements. However, this model
will not be considered in this thesis.

In the following thesis it is assumed that real-valued functions are used,
this is partly motivated by the simplifications of the theory while most of
the results will translate directly by using complex functions. However, it is
mostly due to limitations of the software package FEniCS [31] which does
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not support complex-valued functions. It should also be noted that the real
part of any Banach space is still a complete space, thus known theorems
regarding general Banach spaces and Hilbert spaces are of course still valid.

The main topic of the thesis is concerning sparsity regularization for EIT
reconstruction based on Jin and Maass [8], Jin et al. |9], for which it is
assumed that the solution can be expanded in a basis using only few basis
functions. However, the project has evolved due to ideas I have had on how
to apply explicit prior information to the solution, giving the flexibility to
include specific basis functions. Furthermore, at a meeting with Martin S.
Andersen from DTU informatics he mentioned that total variation regular-
ization is often used to find piecewise constant solutions in image analysis,
and I have looked into total variation regularization as an alternative to
sparsity regularization. I also investigate the idea of combining sparsity
regularization and total variation regularization, thus improving the solu-
tion without the use of explicit prior information about the solution.



2

The Forward Problem

The forward EIT problem is stated by (1.16) and (1.17) given the conduc-
tivity o and the current distribution g, and solving for u, which constitutes
the data ulsq for the inverse problem.

It should be noted that no function spaces have been mentioned yet, but
suppose that o, u, and g are sufficiently smooth and ¢ > C' > 0 for some
constant C', what sort of solution would one expect from this PDE prob-
lem? Here it should be noted that we only have a Neumann-type bound-
ary condition which is insufficient to ensure a unique solution. Hence, to
ensure uniqueness we can add the constraint faQ uds = 0, which physi-
cally speaking imposes a grounding of the electrical potential and therefore
makes sense, despite not being part of the original model. How we actually
achieve uniqueness from this constraint is shown in a moment using the
Lax-Milgram theorem.

Now we may consider what spaces g and u should belong to. It may be too
optimistic to directly solve (1.16) and (1.17), and instead we consider the
more general weak formulation of the PDE problem. Therefore instead of
the usual derivatives we make use of the weak derivatives or distribution
derivatives, which means that we should consider Sobolev spaces (see Ap-
pendix B on page 145). Now define the following spaces, where T denotes
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the trace operator from Theorem B.4 and (-,-) denotes the dual pairing,

HY(Q) :={ve H'(Q) Twvds = 0},

| o0
HY2(0Q) := {v e HY?*(09Q) | / vds = 0},
oN

HY200) = {f € HY2(0Q) | (f,1) = 0}.

Here it should be noted that since € is bounded then the constant function
1 € HY?(0Q) c L*(09), and as the continuous dual of L?*(9€2) can be
identified with itself, then L2(9Q) C H~'/2(9€). This means that if f €
L2(0Q) N H~Y2(0Q) then 0 = (f,1) = ([, D) 200) = Joq fds. Hence,
utilizing the dual pairing (f,1) = 0 we can formalize such a constraint to
any of the distributions in H~/2(9).

In order to determine the space for which u should belong, the PDE needs
to be rewritten to its weak form.

Writing up the weak formulation of the PDE problem is mainly a use of
Green’s first and second identity. Assume that the trial function u and the
test function v are sufficiently smooth, multiply (1.16) by v, and integrate
over 2. Then using Green’s second identity (Theorem C.2), where n denotes
the outwards pointing unit normal, yields

ou v
0=— vV-chudx:—/ 0<v——u—)ds—/uV-JVvdx,
|09 @va) [ o (o5 g )ds— [ aV-(090)

and by use of Green’s first identity on the second integral (Theorem C.1
using V¢ = oVu and ¢ = u) and inserting the boundary condition (1.17)

0= —/ av%ds—F/ au@ds—/ au@ds%—/aVv-Vudx
a0 On oo On oo On Q
ou
:/UVu-Vvdm—/ o—uds
Q o On

:/JVu~Vvd:c—/ guds. (2.1)
Q o0

Thus (2.1) gives the weak formulation
/JVU -Vudr = / guds, u,v€V. (2.2)
Q o0

Since f a0 uds = 0 and we require first order weak-derivatives, we let V' :=
H'(Q). Thus on the right hand-side of (2.2) we have S0 gTvds. So we
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have Tv € H'/?(9Q), i.e. a natural space for g could be H~'/2(9Q). Thus
the right hand-side comprise the dual pairing (g, Tv).

Now the definition of the forward problem can be collected.

Definition 2.1 (EIT Forward Problem) Let Q be an open bounded do-
main in R (where d is 2 or 3). Let g € ﬁ_l/Z(aQ) and let ¢ < o < ¢y for
constants ¢y, co > 0, then Fy(o) denotes the solution to the following PDE
problem and F,(c) := TF,(o) denotes the forward EIT map,

—V - (6Vu) =0 in Q, (2.3)
ou
05, =9 on oS (2.4)

Furthermore, the weak formulation of the PDE problem is

/ oVu - Vudz = (g, Tv), Yo € HYQ). (2.5)
Q

It should be noted that if g € LP(9Q) N H~Y2(99Q), p > 2, the right hand-
side of (2.5) remains [, gTvds as in (2.2) due to Theorem B.11.

To show that there exists a unique solution to (2.5), we can use the Lax-
Milgram theorem (Theorem C.3), however, the theorem requires that H'(£2)
is a Hilbert space.

Lemma 2.2 H'(Q) is a closed subspace of H' () and therefore a Hilbert
space, and there is the following norm-equivalence for constants Cy,Cy > 0:

Cl”UHHl(Q) < ||VU||L2(Q) < CQHUHHl(Q)? Vo € ﬁl(ﬂ)

Therefore [[v]| g1 (qy = [Vl 12(q) defines a norm on HY(Q), and (u, V) frq) =
fQ Vu - Vodzx a corresponding inner product.

Proof. Note that for G : H'(Q) — R given by Gv := [,, T'vds, then
HY Q) = {ve H(Q) | Gv =0} = ker(G).

As the trace operator T' is linear then G is also linear, and clearly using
Theorem B.11 and that T is bounded from H'(Q) to L?(99)

|G| < /BQ|Tv!dS < ClIT0ll 200y < CIT N0l 111 () v € HH (),
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thus G is linear and bounded and therefore continuous, which means that
H'(Q) = ker(G) is a closed subspace of H'(Q) and therefore also a Hilbert
space.

Now for the norm equivalence it is easy to see that
2 2 2 2
HVUHLQ(Q) < HUHL2(Q) + HVUHLZ(Q) = H"UHHI(Q)-

For the other inequality we use the alternative version of Poincaré’s inequal-
ity as shown in Theorem B.6, using that [ Tvds =0 for v € H'(Q):

2 2 2 ~ 2
915y = 0Il2) + VOl 720y < (1+CH)IVUll12(q)-

Hence the equivalence has been shown, and since ||V-|| . () 1 a semi-norm

on H'(€) then it becomes a norm on H'(Q) due to the equivalence with
[l (- It is also not hard to see that (V-,V+) ;) also defines an inner

product on H 1(Q), again due to the norm-equivalence. U

It is now possible to show that there is in fact a unique solution to (2.5) in
the space H'(Q).

Theorem 2.3 (Uniqueness for Forward PDE Problem) 3
With the setup in Definition 2.1, there exists a unique solution u € H(Q)
to (2.5).

Proof. Let’s identify the forms for the Lax-Milgram theorem (Theorem
C.3), from (2.5) we have

B(u,v) = Lv, Yv e H(Q), (2.6)
where
B(u,v) = / oVu - Vudz,
Lv = <;, Tv).
Now using that ¢; < o < ¢y and applying Cauchy-Schwartz’ inequality:
1B, v)] < ealu,v) ey | < calltl i ey 01y

furthermore
2
B(u,u) > aiflull g q)- (2.7)
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Also B is clearly linear in both entries. L is also linear since both ¢ and
T are linear operators and using that g and 7" are bounded then L is also
bounded via Lemma 2.2:

Lol = [{g, To)| <lgll -2 @ IT M0l i1y < esllgll 120 I TI01 1

(2.8)
So by the Lax-Milgram theorem (Theorem C.3) there exists a unique u €
H'(Q) solving (2.5). O

By use of by (2.6), (2.7), and (2.8) we can determine a stability result for
u with respect to g,

2 - - -
lullF ) < e ' 1B(u,uw)l = e [Lul < ¢ esllgll g-r @) ITMull g1y (2:9)
thus for C := ¢; 'c3||T|| then

||U||H1(Q) < CHgHH*l/?(Q)' (2.10)

It should be noted that most software packages, including the one I use in
Chapter 4 on page 57, does not directly deal with spaces such as H'(Q),
therefore the following corollary will be useful for implementation.

Corollary 2.4 Let u € H*(Q) solve the following weak problem

(oVu, Vo) o) = (9, Tv) + c/ Tuds, Y(c,v) € R x H'(Q), (2.11)
o0

then uw = u* with u* being the unique solution in Theorem 2.3.

Proof. A case for the test functions is ¢ # 0 and v = 0, then (2.11) becomes

/ Tuds = 0,
o0

i.e. the term automatically enforces that u € H*(€2). Now (2.11) must be
satisfied for all v € H'(2), and the term [,, T'uds vanishes as discussed

above, so it reduces to the form (2.5) with u € H'(Q). As HY(Q) c H'(Q),
then (2.11) must be satisfied for all v € H'(Q), and from Theorem 2.3 the
only possible solution is u*.

What remains is to consider v € H'(Q)\ H'(Q), in that case define

Ve 1= |8Q]_1/ Twds,
o9
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where |0€2| is the Lebesgue measure of 92 on the boundary. Clearly v—uv, €
H'(Q) since

/ T(v—wv.)ds = / Tvds — |8Q|_1/ ds/ Twvds = 0.
B o0 oo Joa

Now v — v, € H'(Q) ensures that (2.5) is satisfied, thus

(oVu*, Vo) — (g,Tv) = (cVu*, V(v —v.)) — (g, T (v — v.))
+ (oVu*,Vu.) — (g, Tv.)
- _<ga Tvc>7

where the term (cVu*, Vo.) vanished as v, is constant, i.e. Vv, = 0. Now
by the linearity of g (note that in this context it is the distribution g), and
that g € H=1/2(0Q) then

(V' Vo) — (g, Tv) = —|0Q (g, 1) /Tvds —0, Ve H(Q). (212)

Thus u* is the only possible solution to (2.11), and «* is in fact a solution
when (c,v) € R x H'(Q). O

As a remark to Corollary 2.4, g may in practice not satisfy (g, 1) = 0 due to
noise in the measurements. In that case one can find (c,u) € R x H(Q)
solving

(oVu, Vo) o) = <g,Tv)+cz/

Tuds+cl/ Tvds, Y(cy,v) € Rx HY(Q).
00 0

(2.13)
Note that adding the term ¢; [, Tvds does not change the fact that [, Tuds
enforces that u € H'(Q) due to the case v = 0. Furthermore, for v € H'(Q)
then ¢; |, s T'vds vanishes, thus the only possible solution is still u*. There-
fore ¢; becomes —|09| ' (g, 1) from (2.12), which ideally should be close to
0. One may think of ¢; and ¢y as Lagrange multipliers for the variational
problem, enforcing the constraints [,, Tuds = [,, Tvds = 0.

The data that is recovered from the measurements is assumed to be on the
form
¢ :=Tu+e=F,(0)+e (2.14)

Since Tu € HY?(9Q) C L*(99) and ¢ denotes some perturbation due to
noise in the measurements, it is assumed that ¢ € L?(99). It should be
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noted that there are two types of data in play here, ¢ and g, where it is
assumed that ¢ is known exactly. In order to distinguish between the two
data-types g will often be annotated as Neumann-data due to its role in the
boundary condition in (2.4), while ¢ may be annotated as the measurement
data or Dirichlet-data.

It should be noted that g — F,(o) is linear in g for fixed o as seen from
(2.5) and bounded via (2.10), however, for fixed g then Fj is a non-linear
mapping, as u depends on o via (2.4).

Now the hard problem, which is the inverse EIT problem, is to recover a
good approximation to ¢ from the Dirichlet-data ¢ and the Neumann-data
g, i.e. we would like to determine o such that F,(o) >~ ¢, but still close to
the correct conductivity.

A well-posed problem is a problem that has three properties:

(i) There exists a solution.
(ii) The solution is unique.

(iii) The solution depends continuously on the data.

An ill-posed problem is a problem where one or multiple of the three con-
ditions are not satisfied.

Like the forward problem, the inverse problem is highly non-linear and it is
also severely ill-posed, meaning that very small perturbations in the exact
data (such as noise) makes it exceptionally hard to recover o or anything
that resembles o [24]. Thus solving the inverse problem will have to be
done by some sort of regularization, for instance by minimizing a Tikhonov
functional [24]. So to be able to construct a decent inversion method we
need to first investigate the forward problem.
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2.1 A Simple Example

Let’s see if we can actually construct a o and ¢ that allows us to actually
determine F,(o). Let Q be the unit disk in R?, and let (r,6) denote polar
coordinates, and let 7 € (0,1) then we can consider the following concentric
conductivity with C' > 0:

1+C, 0<r<r,
oci(r,0) = {1 S (2.15)

An illustration of such a conductivity is shown in Figure 2.1.

1.00 . 3.50 4.75 6.00

I
Figure 2.1: o¢; for C =5 and 7 = 0.4.

Let gn(0) := cos(NO) be the Neumann-data for some N € N, and assume
that the solution can be separated u(r,0) = R(r)0(0). Now since ey L n
with n being the outward normal and ey a unit vector in polar direction of
0, while e, || n then (2.4) becomes

R(1)0(0) = gn(6) = cos(N8),
thus we can assume that ©(0) := cos(N6) and therefore
R'(1)=1. (2.16)

Now the requirement |, 50 T'uds = 0 is automatically satisfied in the concen-
tric case when [, gds =0 as

2T

/ Tuds = R(1) [ ©(0)d0 = 0.
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Now consider the PDE-equation (2.3), let R := Ry for r < 7 and R := Ry
for r > 7, in both cases we have that o¢; is constant and therefore we have

oo Au = 0. (2.17)

The Laplacian operator is in polar coordinates determined as [16]

Au = —uy + up + —ugg
r r
1

1
=-RO+R'O+ —2R®”.
T T

Since O(f) = cos(INf) then

1 N?
Ay = (;R’ + R — —R) o,

r2

i.e. (2.17) becomes the following, where it is noted that we can choose 6
such that © # 0:

oci(r*R’ +rR — N*R) = 0.
From (2.16) we have R)(1) = 1, and since we need u and oczu, to be
continuous at r = 7 for (2.3), then Ry(7) = Ry (7) and Ry(7) = (1+C) R (7).
Furthermore, we do not have a boundary condition at » = 0, thus we can

impose a boundedness condition assuming that w is bounded near r = 0,
|R1(0)] < 0o. To summarize we have the following coupled ODE problems:

R} +rR— N?R, =0, 0<7r<T, (
Ry + 1Ry — N’Ry =0, 7 <r <1, (
|R1(0)] < o0, (2.20
Ry(7) = Ru(F), (
Ry(r) = (14 C)Ry(7), (
Ry(1) = 1. (2.23
Looking at the ODE in (2.18) and (2.19), then we recognize this as an Euler
equation [16], which has the following solution:

Ri(r) =CirN +Cor™, 0<r <7,
RQ(’I“) = Cg’f‘N —|—C4’I"_N, r<r< 1,

where C;, ¢ = 1,2,3,4 are constants. From (2.20) we can already deduce
that Cy = 0. From (2.23) we get

1= N(C5— Cy). (2.24)
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From (2.21) we get
O3 + Cyi ™ = Y,
Cs — O+ Ci 2N = 0. (2.25)
Finally from (2.22) we have
NCsiN ™t — NCy# N1 = N1+ OO,
(1+0)C, — Cs+ Oy 2N = 0. (2.26)

Thus (2.24), (2.25), and (2.26) is a linear system of three equations with
three unknown:

0 N =N\ /C 1
-1 1 7] (ol =10], (2.27)
1+C —1 #2) \¢y 0

solving (2.27) yields C} = %, Cy = C—J];Q and Cy = ’ifvw, where ky =
N(CFPN + C +2).

Thus we have the solution
27N N
NN 0 19) cos(NO), 0<r<r,
Fo(007)(r,0) = (C +2)rN — CF2N =N ) (2.28)
NN 101 2) cos(N@), 7<r<l.

In Figure 2.2 on the next page an example of (2.28) can be seen, where
it is evident that even though the conductivity o¢ ;7 is not continuous, the
function F, (¢ ) is.

It is easy to see that we could substitute cos by sin in (2.28) if we used
gn(0) = sin(N6).

It was shown in the Theorem 2.3 that solving the PDE by F,(0) we get a
unique solution in H'(£2), however, when considering F,(¢) = T'F,(c) can
we be sure that o; # o9 does not lead to the same data for the inverse
problem? This is an important question when we want to determine the
inverse problem, i.e. is the inverse problem well-defined. Of course this
boils down to the question of whether F is injective, so let’s consider the
trace of (2.28), i.e. for r — 1, then

C+2—CrN
N(C#N +C +2)

Fyn (o) (0) = cos(NO). (2.29)
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-0.200 -0.0999 3.02e-08 0.0999 0.200

Figure 2.2: F, (0¢;) for C =5, 7=0.5, and N =5.

So reducing this to a case of only investigating conductivities of the form
(2.15), can we determine o¢, 7, # 0¢, 7 such that Fy, (0c,.7) = Fon (0cs7,)7
Since the cosine-term in (2.29) remains unchanged, let’s look at the constant
in front of 1/N cos(N6):

C+2-CrPN  C+24 07N —207N
CitN +C+2 Cr2N +C+2
B 207N

B
CPN +C +2
2

(1+2C-1)F2N 41’

thus the only dependence of C' an 7 in (2.29) is found in (1 + 20~ 1)7= 2V,
so let hy = (1 +207")7?Y be fixed and let

2

2N :
2 _]_

hy = (14202 = Cy = ——
th

(2.30)
Thus if hyrs" — 1 # 0, then (2.30) gives an example where F, is not
injective, and note that
hais —1 = (14+2C71)(2)*N -1,

thus for C; > 0 and 7, > 7; then hy72" — 1 > 0. Hence, for fixed (Cy,7)
with Cy > 0 then there is an infinity of pairs (Cy, 72) such that Fy, (oc, 7 ) =
Fyn(0cyn). The dependency in (2.30) is illustrated in Figure 2.3 on the
following page. Figure 2.6 on page 21 shows three cases with different
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-4 ‘ ‘ ‘ ‘ ‘ ‘ ‘
1060203 04 05 06 07 08 09 10

L)

Figure 2.3: Plot of (2.30) given hy := (1 4+ 2C71)7 ", with C} := 10,
r1:= 0.2, and N := 3.

concentric conductivities, that all yields the same forward boundary data
Fy(oc7), and the forward solution on the whole domain €2 is also shown.

In Figure 2.4 on the facing page the boundary data in the cases from Fig-
ure 2.6 on page 21 are shown, and it is seen that the boundary data are
identical up to some error of magnitude 10~ which is due to rounding
errors. From Figure 2.6 it looks like the solutions Fj(oc ) in the three
cases are identical everywhere, and not only on the boundary, however that
is actually not the case as can be seen in Figure 2.5 on page 20, where
the differences are significantly higher than the 10~ from the boundary in
Figure 2.4b.

So it seems that with a single Neumann-data ¢, then F; is not necessarily
injective which furthermore shows the ill-posedness of the inverse problem.
However, what if we have gy, and gy, simultaneously for Ny # No? Assume
that we have (C1,7) and (Cy, 72) such that Fy (0c, 7 ) = Fyy, (0¢,.7) and
"T-:qz\r2 (001,771> = F (002,7:2)7 then

IN,

(14207172 = (1 4205172 (2.31)
142051 = (142071 ()2, (2.32

T2
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‘ — casel — case 2 — case 3
; ; ; ; ; ; 1.0kt

—-0.4 — case 1 minus case 2
— case 1 minus case 3
— case 2 minus case 3

_0'?01239456

(a) Forward boundary data. (b) Differences in the three cases.

Figure 2.4: Forward boundary data F,(o¢ ;) from the three cases in Fig-
ure 2.6 on page 21.

By substituting (2.32) into the following we get

(1420772 = (14205 )™
(14+207)(E) ™ = (14+207)(E) ™,

T2 T2

as N1 # Ny then the above equation implies that 7 = 79, which by (2.31)
implies that C; = C5. So by having multiple Neumann-data, the forward
problem became injective (at least with respect to concentric conductivi-
ties). The injectivity of the forward operator is an active research subject
and is for instance briefly discussed in Kress [10]. In this thesis I will not
go further into that subject other than using the assumption that with suf-
ficiently many datasets we should be able to recover a good approximation
to the sought conductivity o. However, when examining the numerical ex-
periments in Chapter 4 on page 57, we find again the phenomenon that an
inclusion (i.e. the change from for instance a constant background conduc-
tivity) with large support and small amplitude will be mapped by F; to
similar data as an inclusion with small support and high amplitude. This
will serve as a great insight into the behaviour of a regularized solution to
the inverse problem.
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-0.00221 -0.00111 5.51e-11 0.00111 0.00221 -0.00222 -0.00111 5.53e-11 0.00111 0.00222

(a) FQ(O'C&JH) - FQ(UCQ,f“z)' (b) FQ(UCLTH) - FQ(UC:&,F?.)'

-0.000134 -6.69e-05 8.35e-12 6.69e-05 0.000134

[ -
(c) Fg(0'02f2) - Fg(o-C3,f3)-

Figure 2.5: Differences in the forward data Fy(oc) in the three cases in
Figure 2.6 on the facing page.
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-1.62¢-05 250 5.00 7.50 10.0 -0.333 -0.167 -3.81e-07 0.167 0.333
I m I
(a) o¢y 7 — 1 with 7 =0.2. (b) Corresponding Fy(oc, 7 )-

-1.26e-08 0.00171 0.00343 0.00514 0.00685 -0.333 -0.167 -3.81e-07 0.167 0.333
B il | B
(c) ¢y, — 1 with 72 = 0.5. (d) Corresponding Fy(ocy 7).

-7.12e-10 0.000102 0.000203 0.000305 0.000407 -0.333 -0.167 -3.81e-07 0.167 0.333
I m I
(e) ocyiy — 1 with 73 = 0.8. (f) Corresponding Fy(oc, ;).

Figure 2.6: Concentric inclusion that via (2.30) for N := 3 yields the same
Fy(oc7). 1 has been subtracted in the plots for the inclusions,
such the value of C' can be seen from the color bar.
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2.2 Continuity and Differentiability of the
Forward Map

Typically inverse problems are solved iteratively and often by using some
sort of regularization to account for the ill-posedness of the problem. Such
iterative schemes often make use of the forward problem since it is usually a
far more well-posed problem and easily solved numerically. For this reason
it is always a good idea to investigate the regularity of the forward problem
with respect to continuity and differentiability, in order to apply the forward
map in a gradient type iterative method.

Most of the theorems in this section will be concerning F,, however, there
will be remarks considering similar results easily derived for F; mainly due
to the linearity and boundedness of the trace operator.

Firstly we define a special set for which we seek to find o, where we assume
that there is a known background conductivity oy and what we in reality
seek is an unknown inclusion in the interior of §2.

Definition 2.5 (Admissible Set) The admissible set A is for some X €
(0,1) and some known background conductivity oo € H'(Q) given by

A={cc H(Q)|A<o <)X ae inQ, To=To}
To deal with variations in A define

Ay :=A—0g= {60 € H;(Q) |0 = 0¢ + 60 € A}

Definition 2.5 ensures that the conductivities in question are so called in-
clusions, which means that changes from the known background oy will
have to occur in the interior of Q. In Jin et al. [9] they used L* instead
of H' in the definition of A, however, they later return to AN H' and the
boundedness is already applied with A < 0 < A™!. So using H! there are
no issues with the statement T'c = T'oy, while for L> the boundary is not
well-defined as it is a set of measure zero. Therefore Jin and Maass [8], Jin
et al. [9] had to resort to a slightly more convoluted definition, that is a bit
more general. In the current thesis we refrain from elaborating further on
this given that the authors returned to using AN H'! later on.

Corollary 2.6 A, and therefore also Ay, is convex and closed in H'(Q).

Proof. The properties will be shown in two separate steps.
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A is closed: Let {z} C A such that limj_,col|z — ([ 41 q) = 0 for some
r € H'(Q). What remains is to show that z € A. Firstly it must be shown
that Tz = Toy, for which it is applied that T is linear and bounded, and
Tx, =Toy, VEk,

| Tz — Tao||L2(aQ) =Tz — TﬂkaLz(aQ)

i.e. we indeed have Tx = Toy. Now since H'(Q) — L*(Q2) (see Def-
inition B.8 on page 148 for the notation on imbeddings) then z;, — z in
L?(92), which by Theorem C.6 implies that there exists a subsequence {2y, }
which converges pointwise to x. Since A < xy, < A1 a.e. Vk; then it fol-

lows from the pointwise convergence that A < z < A7 ' a.e.. Thusz € A
and A is therefore closed in H'(2).

A is convex: Let z,y € A and let ¢t € [0, 1], what needs to be shown is
that z := (1—t)z+ty € A. Due to H'(Q) being a vector space then clearly
z € H'(Q). Also as T is linear and Tx = Ty = T then

Tz=1-t)Te+tTy=(1—1t)Toy+tToy = Toy.
Finally, as t € [0,1] then ¢,1 — ¢ > 0, thus we have

z=(1-tr+ty<(1—-tA ' +tAx =21 ae,
z=1—-tr+ty>(1—t)A+tA =X ae.,

ie. A< z< )\l ae soz€e A O

The following theorem is stated in several different version in Jin and Maass
[8], Jin et al. [9], but I apply the one below given in theorem 3.1 in Jin
and Maass [8], which again is collected by results in Gallouet and Monier
[6], Meyers [11]. The admissible set .4 and A are defined in Definition 2.5.

Theorem 2.7 (Meyers’ Gradient Estimate) Let Q C R? for d = 2 or

d = 3, where Q) is open and bounded and has smooth boundary. For any

o € A there exists a constant ) depending only on d and X\, such that

limy 1 @ = 00 and limy,0 Q = 2. For any q € (2,Q), any s € [q — %, 0],

for g € L*(9Q) N H~'2(dQ) and for f € (L9(Q))?, then the solution u to
ou

V- (cVu)=V-f in Q o— =g on 0,
on
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satisfies the following estimate with C only depending on d, \,€), and q:

ullwra@) < CUlgl L o0) + 11l La))-

For the remainder of this section () will be the constant from Theorem 2.7.

Furthermore, g will be fixed and g € L*(9Q) N H~Y/2(99) for s € (¢— %, o0
where * 4+ 1 = % and p is chosen in the following theorems. The results
also include the case for p = 0o, in which case ¢ = 2, which is not part of
Theorem 2.7. However, if f = 0 in Theorem 2.7 then we can let s > 2, and
as in (2.9) we have the following where Cauchy-Schwartz’ inequality and

Lemma 2.2 are applied
2
)‘HUHﬁl(Q) < |Lu| = |<97TU>L2(8Q)| < Hg||L2(6Q)||TuHL2(8Q)
< 9l 2o 1T 1wl g1y < CLIT Ml 1) 191l 22 00 -
So by Theorem B.11 then

[ull g1y < ATTCHIT]ICollg

Le()

The following theorem shows that Fj is Lipschitz continuous from certain
LP(2)-spaces to H*(€2). Note that A C L>(Q) thus by Theorem B.11 then
AC LP(Q2), pe[l, o]

Theorem 2.8 Let 0,0 +n € A and p € (5—%,00] then there ezists a
constant C' > 0 such that

1E5(o +n) = Fo(0) | () < Cllnll oy

Proof. Writing up the weak formulations of Fy(o) and F,(c + 1) we get
from (2.5):

/UVFQ(U)-Vvd:B:/ gTvds = /(U+?7)VFg(a+n)-Vvd:v, Yo e HY(Q),
0 o9 Q
thus

/ oV (F,(0) — Fy(oc +n)) - Vudx = / nVE,(o+n)- Vudz, Yv e H(Q).

(2.33)
Now let v := F,(0) — F,(0 4+ n) then (2.33) becomes

/Q o|V(Ey(0) — Fylo -+ )2 = / W Fy(o+ 1) - V(Ey(0) — Fyo +))da.
(2.34)
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Now by use the generalized Holder’s inequality (Theorem B.10) with ¢ cho-
sen such that ]lj + % = 1, then from (2.34) we get

&Ldexw—5u0+mﬂwx
< 9llimien IV E (0 + 1)l ooy |V (Fo(0) = Fylor+ ) oy (2:35)

Dueto%%—%:%andpe(é—? oo] then ¢ € [2,Q), and since 0,0 +n € A

27
then n € L>(Q2) son € LP(Q)) by Theorem B.11.

Now using Theorem 2.7 we have
IVEy (0 + )l Loy < (0 + 0wy < CrllgllLe oy (2.36)
By (2.35) and (2.36) then
AIV(E (@) = Fy(o -+ )y < [ ol9(F o) = Fyfo+ )l
L@ IV(Fg () = Fylo +m)ll 2o 1l oy, (2:37)
thus by (2.37) and by setting C := A~'C}||g

1Fy(0) = Ey(o +m)l g1y = IV(Fy(0) = Eg(o +m)l 2(0) < Clinll ooy
O

< Cillg

Ls(Q) then

Note that by the linearity and boundedness of T" and by Lemma 2.2 then
it follows trivially from Theorem 2.8 that

[Fo(o+m) = Fo(0)ll 200y < ITWIE (o +n) = Fy(0) |10
< [Tyl Fo(o +n) = Fy(o)ll g1y
< 17N Clinll 1o

thus the same type of continuity result holds for .

Now let’s attempt to differentiate F,. This will be done by a linearisation for
which we consider the governing equations of u; = F,(0) and us = F,(c+n)
in (2.3) and (2.4) for 0,0 +n € A, and subtract these equations (while
utilizing the constraint n|sq = 0 that arises from 0,0 + 7 € A):

—V - (6V(ug — u1)) = V- (nVuy), in Q, (2.38)
03(u2 — uy)

o =g—g=0, on 0. (2.39)
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Thus if we set w := uy — u; then we get the following system

—V - (oVw) =V - (nVus), in Q, (2.40)
Jg—zj =0, on 0. (2.41)

Now we can investigate how w depends on 7, where Theorem 2.8 with
p = oo is applied

||w||ﬁ1(n) = [lus — Ul”ﬁl(g) < O||77||Loo(9)~
So rewriting the right hand-side of (2.40) we get
V-(nVuz) =V - (nV(u; +w)) =V - (nVu) + V- (nVw),

thus the first term V - (nVu,) is of order O(|n|) while the second term
V - (nVw) is of order O(|n|*). Assuming 7 is a small perturbation, we
ignore the higher order term, leading to the right hand-side of (2.40) being
replaced by V - (nVu,) resulting in the following PDE problem

-V - (oVw) =V - (nVF,(0)), in Q, (2.42)
ow
oo = 0, on 0f). (2.43)

It is easy to deduce the weak formulation (2.46) of (2.42) and (2.43) as the
PDE problem is very close to that of Definition 2.1, when g = 0 and the
right hand-side of the PDE is non-zero. So using the weak formulation (2.5)
with ¢ = 0 and adding the right hand-side of (2.42) multiplied with v and
integrated over €:

/QUVw -Vodr = / V- (nVF,(o))vdx.

Q

Now by use of Theorem C.1 (with ¢ = v and V¢ = nVFy(0)):

/JVw'Vvdx: —/WFg(U)‘Vvd:ch/ Al (GIPN
Q@ Q 09 on

What remains is to show that |, s "0778129750) ds = 0, however, this is easy as

o,0+n € Aie. oglag = 0olan and (0 + 1)|aq = 0olaq therefore njgo = 0
and the term vanishes.
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Definition 2.9 Let 0,0 +n € A then (F,),n denotes the linear mapping
of n tow € H'(Q) as the solution of

—V - (cVw) =V - (nVFy(0)), in Q, (2.44)
ow
e 0, on 0. (2.45)

The weak formulation of the above is

/ oV (F,).n-Vudr = — / NV E,(0) - Vudz, Yv e HY(RQ). (2.46)
Q Q

From (2.46) it is easy to see that (F})! is linear.

Theorem 2.10 With the setup in Definition 2.9, then (Fy);, is well-defined,
i.e. there is a unique solution to (2.46) in H*(Q).

Proof. Note that the bilinear form for the Lax-Milgram Theorem (Theo-
rem C.3) is identical to that in the proof of Theorem 2.3, thus what remains
is to show that L defined by Lv := — [, nVFy(0) - Vudz is a linear and
bounded functional on H'(Q). Since 0,0 +n € A, i.e. A <o < A~! and

A < o+n < A then we have 5] < A™' — A, so by Cauchy-Schwartz’
inequality:
Lol < (AT = M(Fy(0),0) o]
< AT =My llvll gy v € HH(Q).

Thus as F,(c) € H'(R) then L is bounded, and L is clearly also linear, i.e.
by Theorem C.3 there is a unique solution in H'(Q) to (2.46). O

/

Now we can investigate boundedness of the linearised operator (). .

Theorem 2.11 Let o,0+n € A andp € (QQ—?Q, oo then

1CEDenll 1) < Cllnlloa)-

Proof. The proof is very similar to that of Theorem 2.8. From the weak
form (2.46) set v := (F,).n:

| AV EPdn = = [ V@)Vt (247
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Now using Theorem B.10 with ¢ such that % +
of Theorem 2.8 this implies that ¢ € [2,Q):

1 — 1 and as in the proof
D 2

/QUIV(Fg);nlzdx < Nl o @ IVE (@) oo IV (Fo)onll 2 @)
< Nl o 1 F (@) lwra@ IV (Fa)onll o) (2:48)

Using Theorem 2.7 then

/QO'W(Fg);??I?dx < Cullgll ooy IV (Fo)onll 2 oy 1Ml o)

thus

MV ()l < /QJIV(Fg);nI?dx < Cullgll oo IV (Eonll ooy l171] 1o -

(2.49)
So by setting C := A71C}|lg

Ls() then (2.49) becomes

1CEonl 0 = IV (Fo)onll 2y < Cllnll oy O

Now we will see that (F})! is sort of a Frechét derivative of Fj, at o when
(F,). is considered as a map from certain LP(2)-spaces (see Definition C.4).

The notion sort of is due to A or rather A — o is not a space.

Theorem 2.12 Leto,0+n € A and p € (QQ—%,OO] then

F o+ —F g)— F /U 71
. |1F(o+mn) — F(o) = (Fo)onll 10y o (2.50)
7]l L () —+0 191l Lo o

Proof. Let uy := Fy(0+n), uz := F,y(0) and ug := (F,),n, then their weak
formulations are by Definition 2.1 and Definition 2.9 given by

/(U+77)Vu1 -Vodzr = / gTvds, Yv e H(Q),
Q )

/ oVuy - Vudr = / gTvds, Yv e H(Q),
Q o9

/ oVusz - Vudr = — / nVuy - Vodz, Yv € HY(Q).
Q Q
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Now define w € H'(Q) as w := u; — uy — us and insert the above weak
forms into the following expression:

/(J +n)Vw - Vodr = / gTvds — / gTvds — / nVuy - Vodx
Q o9 09 Q

+ / nVus - Vodx — / nVus - Vodx
Q Q

= — / nV(F,) n-Vodr, Yo € H(Q).  (2.51)
Q
Now let v :=w in (2.51):

/(O’ + ) |Vw|*dz = — / nV(Fy).n - Vwdz. (2.52)
Q Q

As in the proof of the previous two theorems we now apply Theorem B.10
with ¢ such that }D + % = %:

2
e+ mIVulds < 1l 9 E il 1900,
thus as in the proofs of the previous theorems

[wll g1y = VWl 2y < A7 o) IV (Fo)onll oo
< A0l oy 1(Fg ol oy- (2.53)

Notice that the fraction in (2.50) is in fact [|wl| g1 q)/[17llfs(q), thus what
remains in order to prove (2.50) is to show that [|(£); 7|14y — 0 When

17l Lo () = O-
Showing that [[(F,),nlly1.4i0) — 0 when |||, q) — 0:

Note that since %+é =landpe (5—%, oo] then ¢ € [2,Q). The case ¢ = 2

has already been covered in Theorem 2.11, so let’s assume ¢ € (2, Q). From
Theorem 2.7 then we have

1(Fg)onllwraiy < ClnVEy (o) Loy (2.54)

Now define ¢ := g + € € (¢, Q) for some arbitrarily small ¢ > 0. Define
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then as ¢ € (2,Q) we have that p = % +q > §+2 > 2, and we have
% + % = %, thus by Theorem B.10:

sy < Wlis I3 < Dl s,
In order to apply Theorem 2.7 to || Fy(0)||yy1.4( it is noted that ¢ € (¢,Q),
however, we also need to restrain s € [§ — %, 00] = [¢ — 4 + ©L¢, 00]. Note
that € can be chosen arbitrarily small. Thus for s € (¢ — 4, 00, we can use
Theorem 2.7 which is exactly how s was chosen in the beginning of this
section. Hence, applying (2.54) and Theorem 2.7 to (2.55):

I(Fg)onllwraiy < CChllgl

Now let’s look at the two cases p < p and p > p. If p < p then by Theorem
B.11 we have

LS(Q)||77||L13(Q)‘ (2.56)

p<p= 1l < Collnllpeq)- (2.57)

In the case of p > p then p—p > 0, and 0,0 + 1 € A entails [n| < A71 — )
SO

191750 = / inlPdz = / PPl ds < 7 = APl

thus i
p>p = 1l < Csllnllzeq): (2.58)
By (2.56), (2.57) and (2.58) we get

lim ||
7l Lp (2)—0

(Fo)onllwia@) = 0. -

Now we may consider (F,), in terms of a derivative in the H'-metric, by

imbedding H' into LP-spaces. Since H'({) does not continuously embed
into L>(Q2) for d = 2 (Theorem B.9), then the LP-estimates derived in the
prior theorems provide more flexibility than the standard result for L°°.

Corollary 2.13 If d = 2 then F, is differentiable in the H'-metric with
Frechét derivative (F,)!. with perturbations in A. If d = 3 then the same

(e

holds if X is sufficiently close to 1.

Proof. The proof will consist of imbedding H'(2) into some of the LP-
spaces used in Theorem 2.12.

For d = 2 then H'(Q) imbeds continuously into L*(Q) for p € [1,00) by
Theorem B.9 and Theorem B.11.
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For d = 3 then by Theorem B.9 and Theorem B.11 we have that H'(f2)
continuously imbeds into LP(2) for p < 6. For Theorem 2.7 and Theorem
2.12 we need to have Q(\) > 2 and 583);)2 < p < 6, thus we need Q(\) > 3.

By Theorem 2.7 then @ tends to oo as A tends to 1, and therefore we have

H'(€Q) imbedded into LP(Q) for p € (QZQZ, 6] when X is sufficiently close to
1.

Thus in Theorem 2.12 we can approximate |7 ,,q) < C||nl (o), and yield
the desired result. O

Now we can easily find the derivative (F,)! simply by applying that T is

linear and bounded and by applying Lemma 2.2. We have that

1Fg(o +m) = Folo) = T(Eg)gnll 1290
< T Falo +n) = Fo(o) = (Fo)gnll oy

thus by Theorem 2.12 and Corollary 2.13 then (F,)! = T(F,)..

Finally we present the following result, which will play a role in determining
the derivative of the discrepancy term in Chapter 3.

Lemma 2.14 Let 0,0 +n € A, and f € L*(09), then

(f, (F >a77>L2(aQ —(VEy(o) - VFf(U>777>L2(Q)' (2.59)

Proof. The weak form of Fy(o) and (F,)!n are by Definition 2.1 and Def-
inition 2.9 given by

/ oV Fy(o) - Vodr = fTvds, ve HY(Q), (2.60)
Q o9

/ oV (F,).n-Vudr = — / nVE,(0) - Vudz, ve HY(Q). (2.61)
0 Q

Now let v := (Fy)/n in (2.60) and v := Ff(o) in (2.61), then as T(F,)! =
(Fy). we get

[ 1F s = [ oV (R VEso)a = - [ V@) VE o),
Q Q
as a consequence

(s (F)om) 1200y = —(VEg(0) - VE((0),1) 12 () O
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As a remark to Lemma 2.14, we can think of (2.59) in terms of an adjoint
operator for (F,).

o)

((}—g), ) f == =VIEy(o) VF(o),

(e

and thereby we can formulate

(f, (fg)ﬁfmm(asz) = ((Fo)o)" 1. 77>L2(Q)-



3

Solving the Inverse Problem

Having determined important properties of the forward problem, and in
particular for (F)!, we continue by investigating the inverse EIT problem.
The conductivity ¢ is assumed to be on the form ¢ = oy + do where oy is
a known background conductivity such that T'o = Ty, i.e. Tdo = 0, and
the inclusion do is the unknown that we seek to determine.

We wish to solve for ¢ from Fy(o) ~ ¢ given the measured Dirichlet-data
¢ and known Neumann-data g. Remember that

¢ = fg(O') + €,
where € is a perturbation in L?(9f2). In order to solve this problem we
formulate it as a minimization problem with objective function ¥p, which
attempts to find an inclusion do for which the residual ¢ — F,(op + do) is

small and which also is subject to a penalty term, that introduces a bias to
help the method find a good approximation to the correct conductivity.

Now let’s define the regularization that is going to be applied in pursuit of
determining an approximate solution to the inverse EIT problem. Here it
should be reminded that the set Ay is defined in Definition 2.5, where oy is
some fixed background conductivity.

Definition 3.1 Let o € Ay and P : Ay — [0,00), then Up is defined as
Up(do) = J(og + d0) + P(d0),

where P is called the penalty term and J is the discrepancy term defined
as

1
J(0) = §H~7:g(0) - ¢Hi?(ag)-
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The functional ¥p is the objective function that is sought minimized on Ag
in order to determine an approximation to the exact o = gg + do.

Note that J corresponds to a least-squares term seeking to minimize the
residual. However, naively minimizing the residual will yield a solution
which is too affected by noise to be recognized as an approximation to the
exact solution. Hence, solving the ill-posed EIT problem requires an alter-
nate approach by including the penalty term. The easiest way to explain
this more explicitly is in terms of linear ill-posed problems, say

Az =b="b+e,

where A is a matrix and b = Az” is the exact data corresponding to an exact
solution x*, and therefore b is the perturbed data. Clearly minimizing the
residual corresponds to

r=A%=A"+ A e =2 + At

We can think of A~'e as the inverted noise, and if A models an ill-posed
problem then A has a large condition number, meaning that A~'e can
become very large and dominate the exact solution x* even for very small
perturbations e.

For non-linear problems we can not split the terms into the exact solution
and inverted noise, but the behaviour is similar in the regard that small
perturbations will ruin the solution, unless we help the solver in finding an
appropriate approximation. This is typically done by help of the penalty
term P. Thereby we accept that we will not find the correct solution but
via regularization we hope to find a good candidate for an approximate
solution. Furthermore, due to the perturbation in ¢ we can actually not be
sure that ¢ is even in the range of the forward map, which means that there
possibly is no solution to the given data. This is the motivation for using
an optimization approach, such that we attempt to find a solution ¢ such
that F,(o) is close to the Dirichlet-data ¢ when projected onto the range
of the forward map.

In a typical Tikhonov regularization, one would choose P(d0) = al|do||”
where ||-|| is an appropriate norm and a will be the regularization parameter.
The role of the regularization parameter is to control the balance between
minimizing the residual and introducing the bias from the penalty term.
It is evident that a good approximation for ¢ is highly dependent on the
regularization parameter, and for some problems good candidates can be
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found using automated approaches [24]. In this thesis we will not use these
automatic approaches since the prominent methods are based on linear
problems, which EIT is not, and therefore we will determine appropriately
good parameters by trial-and-error. However, in this thesis we deal with toy
problems, i.e. problems where the data is simulated from the exact o, so it is
not hard to find a good parameter. Choosing the regularization parameter
very low and then increasing it steadily will give a decrease in the error for
the approximation, until some tipping point where the regularization bias
begins to dominate the solution.

3.1 Derivative of the Discrepancy

The first step in minimizing ¥p using a gradient type iterative algorithm,
is to determine a derivative to the discrepancy term. For a definition of the
Géateaux derivative see Definition C.4 in Appendix C.

Theorem 3.2 Let 0,0 +1n € A then the Gdteauz derivative J! is given by
Jon = (VJ(o), 77>L2(Q)’ (3.1)

where V.J (o) is defined as
VJ(0) := =V Fy(0) - VFr,(0)-(0). (3.2)

Proof. J!n is defined by

d
Jin = &J(U + €n)|c=o- (3.3)

Thus by use of Corollary 2.13 and Theorem C.5, that (F,), is linear, and
the product rule for differentiation, then

d d1 )

— - — &1%d

dEJ(U+€77) d€2 /8Q|‘Fg<0-+€n) ¢| S
d

— /89 [E(}—g((j +en) — qb)} (Fglo +en) — ¢)ds

= /6 . {%(ﬂ(o) +€e(F,)om + O(e%) — ¢>)] (F, (0 + en) — ¢)ds

- / (F)n+ OO (Fylo +en) = s
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So by (3.3) and Lemma 2.14 then

d
Jin= &J(U + en)|e=o

- / (Fn(Ffo) - o) (3.4)
= <VJ(U)777>L2(Q)'

It is evident that (3.4) is what we would expect from the usual differentiation
of a composition of functions regardless of how F; is defined (as long as it
is differentiable), while Lemma 2.14 leads to the less intuitive result that
makes use of the definition of F,. U

The notation used in (3.1) is consistent with the notation in Neuberger
[28], where V. J(o) denotes the function that via the metric (which in this
case is for L?) defines the derivative of the discrepancy term J. To relate
this notation to the usual gradient in R?, note that the Gateaux derivative
corresponds to a so called directional derivative, which for R? corresponds
to f/ = Vf v where Vf is the usual gradient and v the direction. The
directional derivative denotes the derivative along a curve given by the
direction v. If we let v be normalized such that |v| = 1, then it follows from
the Cauchy-Schwartz inequality that |f/| < |V f|lv| = |V f| no matter the
direction v. If Vf # 0, then this limit is only attained for v = £V f/|V f|,
i.e. Vf gives the direction for which there is the steepest ascend in f,
and similarly —V f denotes the direction for the steepest descend, which
for R? is a well-known fact. Since the Cauchy-Schwartz inequality can be
applied in the exact same way for (V.J(0),n) 2, then —V.J(o) denotes
the direction for the steepest descend, not in a geometrical sense, but in the
sense of the ||| o o)-metric. Similarly one can look at different metrics for
which steepest ascend/descend directions will be different.

Here we will attempt to construct an iterative gradient method, similar
to that of a steepest descend method, where we seek to find do such that
o = o0g + do. Therefore it seems convenient to use a smoother function
V.J (o) € Hj(Q) to define J!. Tt is convenient as V.J(o) may be non-zero
on the boundary which is not very good considering that we wish T'do = 0
such that To = Toy, and this may generate numerical problems when
applying a steepest descend type algorithm like do; 41 := do; — s, VJ(0y),
where we iterative move in the descend directions using some step size s;.
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Now to further justify the use of the H'-metric (on H}) which leads to

VJ(o) in Corollary 3.5 it is shown that we can always choose A such that
Jp € (Hy(Q)) = H7H(Q).

Lemma 3.3 Let g € L*(Q)) where Q C R? is open and bounded and has
C' boundary. Let p and q be conjugate exponents, then f — (f, g>L2(Q) €
(WhP(Q))" in either of the following cases:

, d
(z)1§p<dand52q‘i—d,

(i) p>d and s > 1.

Proof. First let 1 < p < d and let f € W'?(Q) then f € L"(Q) with

ri= dedp by Theorem B.9, and ' := qudd is the conjugate exponent to r as
1 1 d— +d d+pd 1 1
ror pd qd gpd — p ¢

Thus by Theorem B.11 then g € L (Q) for s > 7' = q?%d.

The other case is p > d and let f € WP(Q) then by Theorem B.9 and
Theorem B.11 we have f € L"(2) for any 1 < r < oo, and let 7’ be
the conjugate exponent ' € (1,00]. Then s > 1 will be s = ' for some
r € [1,00). Thus g € L' (Q) for some corresponding r € [1, 00).

In both cases we have from Hélder’s inequality and the imbedding W'?(Q) —
L™ (Q):

I(f g>L2(Q)| < ||9||Lr’(Q)||f||Lr(Q) < CHg“LT/(Q)||f||W17P(Q)a

thus f — (f, )2y is a bounded (and clearly linear) functional on Whr(Q),
and therefore contained in (W'?(Q)). O

Theorem 3.4 Let 0 € A and ¢ be exact Dirichlet-data. If d = 2 then
J! € H’l(Q).~]f d = 3 the same holds if \ is sufficiently close to 1 and
g € L*(09Q) N H~'2(0Q) for s > §.

2(0Q) c

Proof. F,(0) € H'(R) and by Theorem B.4 then F,(0) € ﬁ[1
YN H2(09).

L2(09), and as ¢ € HY2(9Q) then w := F,(c) — ¢ € L*(9Q
Thus using Theorem 2.7 then

1w (@) lwra) < Cllwll 2 a0), (3.5)
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where ¢ € (2, Q) and satisfies (1 —1)g € [1,2] (the reason for this interval is
such that s = 2 in Theorem 2.7 satisfies s > ¢—1),i.e. ¢ € (2,Q)N[3%, 2%].
Thus let’s use

d=2: q¢qe€(2,mn{Q@,4}) C (2,Q)N[2,4], (3.6)
d=3: g€ (2,mn{Q,3}) C (2,Q)N[2,3] 3.7)

Now (3.5), (3.6), and (3.7) will be used show that V.J(¢) belongs to appro-
priate L"-spaces, in order to use Lemma 3.3. Note that by Lemma 3.3 then
Jo = (VJ(0),)12q) € (H'(Q) C (Hy(Q)) = HHQ) if VJ(0) € L7(Q)
with r > 1ford:2andwithrzgf0rd:3.

First let d = 2, since F,(0) € HY(Q) then VF,(¢) € L*(Q). It has al-
ready been established in (3.5) and (3.6) that F, (o) € Wh4(Q) for q €
(2, min{Q@, 4}), so VE, (o) € L1(2). By Theorem B.10 then

VJ(0) = —VE,(0) - VEy(o) € L(Q), % _ % 2,

and as ¢ > 2 then r > 1, ie. J. € H1(Q).

Now let d = 3. Since we want V.J(o) € L%5(Q), it suffices by Holder’s
inequality to show that VF, (o), VF, (o) € L'¥5(Q). If

> (4 1\ 12 8
s —= ===
- d) 5 5

which is presumed in this theorem, then Theorem 2.7 implies Fy(o) €
WH25(Q) ie. VFy (o) € L¥/5(Q). VF,(o) € L¥3(Q) if @ > 2 by
(3.5) and (3.7), which is satisfied for A in A being sufficiently close to 1, as
limy_,; Q(X) = oo in Theorem 2.7. So for A sufficiently close to 1 and s > %
then J, € H~1(Q). O

Now we may use a so called Sobolev gradient V J(o) as it is named in
Neuberger [28], which will act as a preconditioner for the usual VJ(o) in
the steepest descent type algorithm by avoiding numerical errors on the
boundary.

Corollary 3.5 (Sobolev Gradient) The following PDE problem has a
unique solution in H} (), and this solution will be denoted V J(c),

—Au+u=VJ(o), inQ, wu=0, on . (3.8)
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Then VJ(o) = 1*VJ(o) with v being the inclusion operator of Hg () into
L3(Q) (bounded in the H'-metric), and thus

Jon = (VJ(0),00) 20y = (Vs (0) M g1y 1€ Hy(). (3.9)

Proof. The proof follows directly by writing up the weak formulation of
(3.8) and applying Riesz’ representation theorem [19]. Let n € H}(Q)
multiply both sides of (3.8) and integrate over €2, then by Theorem C.1

(V.J(0), ) oy = / Aundz + /Q unda

:/Vu-Vndx—/ Tn@ds—l—/undx
Q oo On Q

ou
- 1 — T _d P
(wsm) g Q) /ag né)n S

where [, Tna“ds vanishes because Tn = 0. As J, € (H}(Q))' then the
expression (3.10) makes sense.

Since Jon = (VJ(0),n) 20 = (VJI(0),un) 2y where the embedding ¢ :
H}(Q) — L*(Q) is a bounded linear operator, then it follows from Riesz’
representation theorem [19] that there is a unique adjoint * : L*(Q2) —
H}(Q) which is a linear bounded operator satisfying

<VJ(U)7L77>L2( = ("VJ(0), >H1(Q)7

where the unique element (*V.J(0) € H}(Q) is denoted V,J(o). Due to
uniqueness V.J(o) must be the solution in (3.10). O

For the iteration step we need to determine a step size s;, for an algorithm
resembling 0,41 = do; — s;VJ(0;). Here we will make use of the popular
Barzilai-Borwein (BB) step size rule [1, 9, 13|, for which we try to find s;
such that ﬁ(éai —d0,) = %(‘72‘ —0;-1) ~ ViJ(0;) — VsJ(0;-1). It may
not be posszible to get equalit§f so it is found in the least-squares sense

s; = argmin ¢(s) = ||s™'(d0; — doi 1) — (ViJ(04) — VsJ(Ui—l))H?ql(Q)

(3.11)
Step sizes of the form (3.11) has proven to give fast convergence in gradient
methods [1].
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Corollary 3.6 (BB Step Size)
The solution to (3.11) if (00; — 6051,V J(05) — VJ(0i-1)) g q) # 0 is

2
1005 = 0051|310

(007 = 60i-1,VsJ(0:) = Vs J(0i-1)) i)

5 = (3.12)

Otherwise s; = 0.

Proof. For simplicity let Az := do;—d0;_1 and Aj := VJ(0;)—VsJ(0i-1),
and let’s assume that (Az, Aj) # 0, then

C(s) = lls' Az = AG|I" = s72 | Ax|” + | AG]7 = 257 (A, Af).  (3.13)
Now differentiating in s yields

C'(s) = —=2573|| Az||” + 25 2(Ax, Aj), (3.14)
¢"(s) = 6574 Az|]” — 4573 (A, Aj). (3.15)

Solving (3.14) equal zero yields

0= —257°||Az||® + 25 2(Az, Aj),
0= —|[Az]® + s(Az, Aj),

| Az
° = {Az, Aj) (3.16)

Note that s; is the solution in (3.16). To make sure that s; is a minimum
it is sufficient to check that (”(s;) > 0 since ( is continuous at s; except if
Az = 0 (which effectively eliminates the optimization problem, and is not
relevant), thus

"(si) = 65;7Y|Az|)? — 4s7*(Ax, Aj)
= s;%(6s; || Az|]” — 4{Az, Aj))
(Az, Aj)° .
=2 (9(Ax, A
_2(Az, Aj)
|Az|®

It was initially assumed that (Axz, Aj) # 0, however, if (Az, Aj) = 0 then
it is easy from (3.13) to see that s = co is the solution. O
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From Corollary 3.6 it is evident that it is important to have a maximum
step size, in the case that do; — 00,1 L ViJ(0;) — VJ(0;—1) or almost
orthogonal.

Note that Barzilai and Borwein [1] has a small typo as it has s and not
s~V in (3.11), however, they arrive at the same result as in Corollary 3.6,
which would be incorrect when using s and not s~!. It is also evident
from the description in Barzilai and Borwein [1] that s™' should be used,
since the first type of step size they discuss relates to |Az — sAj||” i.e.
that Ax ~ sAj, and they go on to say that equivalently one could look at
|sAz — Aj|]%, however, this would result in sAz ~ Aj, thus it should have

been s~ !.

Note that also Jin et al. [9] seems to assume that s and not s~ should
be used, which results in what corresponds to s; !'in Corollary 3.6, and
leads to a far too small step size. They also have an error later on (when
using weak monotonicity, see Definition 3.7) with reference to Wright et al.
[13], however, it may be because Wright et al. [13| uses a step size of the
form a = (Az, Aj)/|Az|]®, though the actual step is applied with 1/a
corresponding with Barzilai and Borwein [1] and Corollary 3.6.

With inspiration from Wright et al. [13], then s; will be initialized by (3.12),
after which it is thresholded to lie in [Syin, Smax|, Where 0 < Spin < Smax < 00
are user defined constants. It is noted in Wright et al. [13] that BB type step
rules converge faster if we do not restrict Wp to decrease in every iteration,
and that an occasional increase actually improves the convergence rate. An
occasional increase in ¥p can be used to avoid places where the method
has to take many small steps to ensure the decrease of Wp. Therefore one
makes sure that the following so called weak monotonicity is satisfied, which
compares ¥ p(do;11) with the most recent M steps.

Definition 3.7 (Weak Monotonicity) Let 7 € (0,1) and M € N, then
s; 1s said to satisfy the weak monotonicity if the following is satisfied:

-
Up(doit1) < o anex Vp(do;) — 2—Si||50z'+1 — 803l 0y (3.17)

As seen for the example in Section 2.1 on page 14 it is advantageous to be
able to use multiple datasets {(gx, ¢x)}_,, in order to improve the quality
of the reconstruction, and this can simply be done by slightly altering the
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discrepancy term in Definition 3.1 to

Zwak Z k [Fg (o) — ¢k”i2(amv (3.18)

k=1

i.e. where Jj; denotes the usual discrepancy term for the data (g, ¢x). The
weights wy can be used to prioritize the importance of the datasets, i.e.
for instance if some datasets have higher importance or are measured more
precisely they can be prioritized higher, however, I will just use the weights
wy = 1, Vk. It follows straightforwardly that

Jon = (VJ(0),n) 2 @ = Zwk VJi(9),m) 20 (3.19)

where VJi(0) := =V Iy, (0) - VFF, (5)-4,(0), i.e. the expression in Theorem
3.2 for the data (gk,(bk) It should be noted that the definition of the
Sobolev gradient VJ (o) is still given by Theorem 3.5, but where V.J(o) is
the expression given in (3.19). So the theory considered for a single dataset
is almost identical to that of multiple datasets.

It is also useful to consider partial/incomplete data. Let I' C 012, and
assume that supp g, C I', then we can not be sure that supp ¢ C I' even
with no perturbations, as seen in Figure 4.46 on page 107. However, suppose
that we are only able to measure ¢ at I" such that we in reality get xrox
where xr is a characteristic function that equals 1 on I'" and zero otherwise.
Then we can further change the discrepancy term, such that we only seek
to minimize the residual on I':

1 1
Ji(0) = S Fe(0) = ey = Slxr (Fou(@) = )l 200y (3.20)
Similarly we get

ij( ) vng( ) VFXF(fgk(U)—¢k)<U)7 (3'21)

i.e. the change to include partial data is very subtle, and we note that if
I' = 09) we obviously get the usual results for complete data.
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3.2 Sparsity Regularization

The main focus of the thesis is on sparsity regularization, so firstly we must
define what is meant by sparsity regularization, which will be a specific
penalty term for Definition 3.1.

Definition 3.8 Let do € Ay, and let {{y}ren be a basis for HY(Q), then
the functional Vg is defined as

Vg(6o) = J(og + d0) + Rar(00),

where for 6o =Y, ey, and a = {og}ren C (0,1],

1 r
R (1) = — > aglal’, re12].

keN

In order to achieve sparsity with respect to the chosen basis {i}}, i.e.
that do can be expanded using only a small number of the basis functions,
then r € [1,2) is usually chosen in order to penalize o with many small
coefficients, i.e. |¢x] < 1 and rather accept do with few larger coefficients
|ck| > 1. In this thesis we only look at the case where r = 1, thus we have

1
Us(00) = J(0) + Raa (00) = 5[ Fy(0) = ll7aon) + D anlexl:

keN

Now we may be concerned for whether R, ;(do) is convergent, for which we
have to assume that do is sparse with respect to the chosen basis {1y }.

Definition 3.9 (Sparsity w.r.t. Basis) Let {¢} be a basis for a Banach
Space V', then we say that f € V' is sparse w.r.t. {1y} if Y, |ck| < oo where

f= Zk k.

Note that the role of Definition 3.9 is simply to allow the use of the term
Ry 1(60). Therefore we introduce a so called sparsity constraint, namely,
because Ry 1(d0) is not guaranteed to converge in general and the solution
is restricted to a certain subset of A, and ideally in terms of sparsity we
can find a good approximate solution that only has finitely many non-zero
expansion coefficients.

In terms of sparsity, we do not specifically seek the usual ¢;-term given
in Definition 3.9, but rather ), xr\{o}(cx) where xr\{o} is a characteristic
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function on the set R\ {0}, i.e. that sparsity is simply a count of non-zero
expansion coefficients. This would lead to the penalty term ), o xm\ {0} (ck)
instead of that in Definition 3.8. The reason that we tend to a sort of pseudo
sparsity instead is due to ), axXm\j03(ck) not being convex, which is an
essential property for finding a unique minimizer with iterative gradient
methods. The penalty term R, allows solutions where all the expansion
coefficients are small but non-zero. However, if the true solution only has a
small number of non-zero expansion coefficients, then the discrepancy term
along with the penalty term R4 ; attempt to construct solutions where the
non-zero coefficients in the true solution are dominant. A penalty of R 2
in the usual Tikhonov regularization is more likely to include coefficients
that are not supposed to be non-zero, simply due to the dampening by |c;€|2
for |cx| < 1, which can give a negligible penalty.

Furthermore, it should be noted that there are multiple regularization pa-
rameters, namely, one per basis function. In Jin et al. [9] they used a single
parameter o = «, Yk which is quite common in regularization techniques.
However, having one parameter per basis function gives a special type of
flexibility with respect to applying prior knowledge about the sparsity of
the solution, which we will return to in the numerical experiments presented
in Chapter 4 on page 57.

Now a new non-linear operator will be introduced, which is known as soft
shrinkage /thresholding operator.

Definition 3.10 (Soft Shrinkage/Thresholding Operator)
The soft shrinkage/thresholding operator Sg : R — R is for § > 0 defined
as

Sp(z) = sign(z) max{|z| — 5,0}, = € R. (3.22)

Suppose that f € V for some separable Banach space V' with basis {1y},
for which f =", cxtby. Furthermore, let B := {f} C [0,00), then define
Sg:V =V as

Sp(f) =Y Sp(ca)tn. (3.23)

The reason for the name soft thresholding, is due to Sg being continuous,
unlike the usual hard thresholding for which everything with absolute value
below a certain constant [ is set to zero. The difference between soft and
hard thresholding can be seen in Figure 3.1 on the facing page.
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—— Hard Threshold
— Soft Threshold

-B 0 B

Figure 3.1: Soft and hard thresholding functions on the real line.

The operator Ss is non-linear, however, there is the following useful prop-
erty.

Lemma 3.11 Let ¢ > 0 then
Sp(cx) = ¢Spje(x), v €R. (3.24)
Proof. Here we will go through the three different cases for x € R.

clxz| < B: Since ¢ > 0 then we have that |cz| < 8, thus Sg(cx) = 0. However,
we also have that |z| < 8/c, i.e. Sg/c(x) =0, hence (3.24) holds.

cx > 3 Since ¢ > 0 and 8 > 0 then x > 0, i.e. we have Sg(cx) = cx — f.
Similarly we have that « > 3/c thus ¢Sg/.(x) = c(x — B/c) = cx — 3, and
again (3.24) holds.

cx < —f: In this case x < 0 and such that |cx| > 3, i.e. we have Sz(cx) =
—(|ex| = B) = cx + B. Similarly x < —f/c ie. |z| > B/c so cSp/e(x) =
—c(|z| = B/c) = cx + 5. O

The non-linearity of F, makes it hard to determine a descent direction for
Us. Instead we can linearise the discrepancy term .J in each iteration, and
use an approximation to Wg to propose a gradient step. In order to linearise
J it is already now considered that a Barzilai-Borwein (BB) step size rule
will be applied, for which we approximate the Hessian J; ~ J, — J. with
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Vsl (0)=VJ(0;) ~ §(5a—50i) where s; is the step length and o; = 0¢+d0;
and do; corresponds to the i’th iteration in the coming scheme. Thus by
Theorem C.5 we have

1
J(o) ~ J(0;) + T, (0 — o) + §(J(’, —J, ) (o —0)
= J(0y) +(VsJ(03), 60 — 502‘>H1(Q)
1
+ §<VSJ<O') — ViJ(0:),00 = 004) gr(q)
1
~ J(0;) + (Vs J(0:), 00 = 007) oy + 2—&||50 — 5JZ-||§{1(Q). (3.25)

Now given a step length s; and previous iterate do;, we will determine do; 4
by minimizing an approximation of Wg(do) — Wg(do;) in terms of do, thus
Vg decreases when Vg (do;41) — Ws(do;) < 0. Hence from (3.25) we get

Us(do) — Vg(d0;) = J(0) — J(0;) + Ra1(d0) — Ra1(d0;)
1
~ (Vs J(0i), 00 — 60:) 1 () + 2—SiH(50 — (501-]@[1(9)
+ Ra’l(éO') — Ra,1<5ai)- (326)
This can be simplified in the following manner.

Theorem 3.12 Consider the following optimization problem,

: 1 2
Jnin T (do) = §||50 = (00; = 8iVsJ(0:)|[ () + silla1(00). (3.27)

Let {1} be the basis of HL(Q) from Definition 3.8, and let {vy} be the
expansion coefficients such that do; — $;VJ(0;) = ZkeN . Then the
following holds:

(i) (3.27) is equivalent with minimizing (3.26) w.r.t. do € Ay.

(ii) If {¢x} are orthogonal in the H'-metric (note they need not be nor-
malized), then Y is convex on Ay. The solution to (3.27) is:

50’1‘4_1 = 851 (50-1 — SZ‘VSJ(O'Z‘)) = ZS’Bk (Uk)¢k7 (328)
keN

S; X

where By := Tl
Proof. The proof consists of three steps, one showing (3.27) is equivalent
with (3.26), one showing that (3.27) is convex, and finally one that solves
(3.27).
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Equivalence of (3.26) and (3.27): Rewriting f;(do) := 2%”50 — (60; —
siVSJ(ai))Hip(Q) yields:

1
fi(do) = 2—Si||(50’ —60:) + 5V (03) 310

1 s,
= 5, lloo - 00ill31 () + (Ve (0:), 00 — 603) ja o + 5||VSJ(UZ-)||§H(Q),

(3.29)

An optimization problem is equivalent if the objective function is multi-
plied with a positive constant or if a constant is added. So by (3.29) then
(3.27) must be equivalent with the minimization problem with the objective
function being:

= 1 S;
T(d0) = —T(00) = SIVed () 0) — Ba(00:)

1
= (VsJ(0),00 = 004) g ) + Q_SiHCSU - 501‘”21(9) + Raa(d0)
- Ra,l((sai)>

this is precisely the expression in (3.26).

T is convex on Aj;: Because {1} are orthogonal then

Raa(w) = Y —g— (.6 i)
keN ”dJkHHl(Q)
as {¢n/[|¢xll g1t is an orthonormal basis of H}(Q). The fact that {4}
is a basis means that we do not have to worry about convergence issues
for the infinite sum when checking for convexity. As a linear combination
of convex functions is convex, it suffices to check that each of the summed
terms are convex. So let

1
filz) = §||$ —yllE @)

fQ(l‘) = |<xay>H1(Q)|a
then the question of whether T is convex boils down to whether f; and
f2 are convex for some y € H}(Q2). Let xy, 25 € Ay and t € [0, 1], then

x:= (1 —1t)zy +tzy € Ay as Ap is convex by Corollary 2.6. By the triangle
inequality it follows that

fo((1 = t)xy + tag) = (1 — t)xy + tag,y)]
Oz, y)| + tl (w2, v)|

= |
<(1-
(1 =) fa(@1) + tfa(z2),
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thus f5 is convex. Now checking f:
1
J(1 = 01+ tw2) = 511 = By + taa — g

= %||(1 —t)(z1 — y) + t(z2 — y)|)?
= =02l — ol s — P
+ (1 =t)t(x1 —y, 22 — y)
= (1= t)* fa(xr) + £ fr(wa) + (1 = )t {z1 — y, 25 — y).
(3.30)

Note that (1 —t)f1 — (1 —)*f1 = (1 — )t f1, thus we have

(=) fi(z) +tfilze) = (L=1) fila1) = 2 fi(wz) = (L= O)t(fr(21) + fr(@2)).

(3.31)
Now consider 0 < (a —b)? = a® + b* — 2ab thus ab < (a® + b?), this simple
inequality along with Cauchy-Schwartz’ inequality will now be applied to
the following where it is noted that (1 —¢)t > 0 as t € [0, 1]:

(I =t)t(z1 —y, 22 —y) < (1= t)t[|zr — yll||lz2 — o
< S0l — gl + 2 — o)
= (1= () + file2)) (3.32)

So from (3.32) and (3.31) then

(1=t fi(ar) + £ fi(22) + (1 = )t(wr — y, 22 — )
< (L= fiz1) + € filwe) + (1= Ot(fil@r) + fi(z2))
= (L —t)fi(z1) + tfi(z2). (3.33)

Now inserting (3.33) into (3.30) yields

fil(L =)z +tan) < (1 —=1) fi(21) + tfi(2),

thus fi and thereby also T is convex on Ag.

Solving (3.27) with {¢} being an orthogonal basis: If {¢;} is an or-

thogonal basis for H} () in the H'-metric, then normalizing py := m,
H1(Q)

k € N, yields an orthonormal basis. By Corollary 2.6 then A, is closed and
convex, and T is convex on Ay, thus (3.27) is a convex optimization problem
which means that the problem boils down to finding a stationary point.
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In order to simplify the notation in the proof let f := do, h := do; —
$;VsJ(0;), and let f := (f,px) and hy := (h,px) (i.e. the expansion coeffi-
cients in the {pg}-basis [19]). If {¢x} are the expansion coefficients of f in
the {¢y}-basis, then clearly ¢, = fi/||¢||. Furthermore, let vy := S|k

so we have
S; O
1 f)zzsiak|ck|zzl|w ||’fk nyk‘fkl
k k

Thus T becomes

1
T(f) =G =hl” + D wlfil: (3.34)
k
Note that (f,h) = >, > i (fepr: Pipp) = Dy fruhw as {px} is orthonormal.
So using the fundamental result for orthonormal bases that || f||* = 3=, | fil’
[19] then

1 1 1
S = hl* = —||f\|2 + —||h\|2 —(f, h)
= Z [ (fE+hd) fkhk] :

Insertion into (3.34) gives

T(f) = Z |:%(fl? + hit) el fiol = fkhk} ZTk i) (3.35)

k

From (3.35) it is evident that minimizing Y w.r.t. f corresponds to mini-
mizing Y w.r.t. fi for each k. Since the term |fi| is not differentiable at
0, it is initially assumed that f; # 0, so

T (fe) = fr +vesign(fr) — he, fi # 0. (3.36)

Let fr > 0, solving (3.36) equal zero yields fr = hy — . Thus a condition
for fi to be stationary for f; > 0 is that hy > ~,. Similarly for f, < 0 we
get fr = hg + v, thus we need hy < —v; for fi < 0 being stationary. What
remains is to consider |hy| < 7%, then fi is not stationary for f, > 0 or
fr < 0. Thus we must set f; = 0 as the optimal value is not at a stationary
point, and +oo is not a valid option as seen from (3.35). Therefore we can
conclude that

hie — e, e >,

fk = hk + V&, hk < =V = S,yk(hk) (337)
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Now inserting that ||¢xllcx = fr, |[Wkllve = ki and ||Ug]|Bx = Y%, and
applying Lemma 3.11,

Ir 1
=i =S (1¥xllve) = Spy (vk),
HwkH HWH BNkl Bk
which is the result in (3.28). O
From Theorem 3.12 then v, = —3——(00; — 8,V J(0), V1) g1y aS We
Hwk”Hl(Q) ( )

have an orthogonal basis [19], however, we shall later look at bases that are
only almost orthogonal, i.e. that almost all the basis functions are mutually
orthogonal. Therefore the notation in terms of expansion coefficients vy, is
useful in order to remain consistent.

3.3 Total Variation Regularization

While the main focus for this thesis is on the sparsity regularization, there
is another interesting form of regularization that will be investigated called
total variation (TV) regularization. The reason for looking into this type
of regularization is due to its ability to make piecewise constant reconstruc-
tions, something that is normally quite hard to do with regularization tech-
niques that usually finds smooth reconstructions. In Chapter 4 on page 57
we will experiment with piecewise constant inclusions and while TV regu-
larization should be tailored for that type of solutions, the ill-posedness of
the problem will prove a harsh challenge. Now to actually define TV.

Definition 3.13 (Total Variation) Let f : Q@ — R such that Vf €
LY(Q), the total variation Pry(f) of f is

Pry(f) = /Q IV £|d. (3.38)

Thus ideally we would like the penalty term P in Definition 3.1 to be
Prv, however, everything becomes much easier when the penalty term is
Gateaux differentiable, and since x +— |z| is not differentiable at x = 0, so
is Pry(f) not differentiable at V f = 0. To accommodate this we introduce
a parameter ¢ > 0 via

Prv.(f) ::/Q\/|Vf\2—|—cd:c. (3.39)
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Note that Pry o = Prv, and to illustrate the behaviour of Pry . with respect

to ¢, it is shown in Figure 3.2 how 1/|z|* + ¢ approximates |z| quite well
for sufficiently small ¢, while retaining a smooth corner at = = 0.

0.4

0.35f o= 10—

0.3 1

0.25r J

0.2

0.15

0.1

0.05

—8.2 —011 0 0‘.1 0.2

Figure 3.2: Approximating |z| (black) by 1/|z|* + ¢ for various values of

C.

The regularization will be controlled by  and ¢ as shown in the following
definition, where Wy is the objective function for the TV regularization.

Definition 3.14 Let 60 € Ay, and let B > 0 and ¢ > 0 then the functional
Uy is defined as

\IJT\/((50> = J(O’o + 50’) + BPT\/’c(dO').

Now let’s find some derivatives of Pry ., as they will be used in the lineari-
sation for the gradient method.

Lemma 3.15 (First and Second Order Derivatives of Prv )
The first and second order Gdteauz derivatives for Pry . at do are

(Prvin = [ 172900 - Vi, (3.40)
Q

(Prv.c)son = / FY2w)? = f732(Véo - Vin)2d. (3.41)
Q
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where f = |Véo|* + c.

Proof. Let f. := |V(do + en)|> + ¢, then
d
de

Starting at the beginning we find (Pry )5,

d
d_PTV 0(50' + 677 / \/ﬁdfﬁ

- fge
/V50—|—677 Vnd

fe=2V (00 +en) - Vn.

thus

d
—Pry (60 + €n)]e=o = / f~Y?V60 - Vndz.
de Q

Now for the second order derivative:

(Prv.e)sen =

d d
E(PTV,C)SO'-FenT] = / —fe_1/2V(5O- + 677) ' v,r/dx
d
= [ 12V = S o ) - Ve
= [ 12w - 3/?( (50 + en) - Vi),
thus
d
(PTV 0)5077 PTV C)&f—&-enn‘ﬁ 0
/ JVE (V0 - V)P,
giving the expression from (3.41). U

Now similar to (3.26), we get the following using a second order approxi-
mation to the TV-term

\I/Tv((SO') — lI/TV((SO'Z‘) = J(O‘) — J(O’z) —|— BPTV,C((SO-> — BPTV,C((SUi)
1
~ (Vs J(0i), 00 — 5Ui>H1(Q) + 2_&‘|5U - 501’”?11(9)

+ E(PTV,C):SI% (50_ - 50_2)

+ B(Prv.e)5,, (00 — d0;) 5
(3.42)
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Similar to Theorem 3.12 we can simplify this problem.

Theorem 3.16 Consider the following optimization problem,

. 1 2 i ~1/2 2
iy T(67) = 3160 = lle + 5 [ 571000 e

S
+

;ﬂ / 17 (Vb0, - Vo) (2|Véo,|* — (Vo - Véo))da,
Q
(3.43)
where f; := |V50i|2—|—c and y; == §0; —s;VJ(0;). Then the following holds:

(1) (3.43) is equivalent with minimizing (3.42) w.r.t. 6o € Ay.
(i1) YT is convex on Ag.

(111) The solution to (3.43) satisfies

(60, 1) g1y + 5if3 / 171260 -y — £72%(Vio; - Vo) (Vo - Viy)da
Q

= (Y M () — Siﬁ/ fi_3/2|v5‘7i|2v‘5‘7i - Vndz, ¥y € Hy(S).
Q
(3.44)

Proof. The convexity of the first term of (3.43) follows from the proof
of Theorem 3.12, and similarly can be done for the other squared terms,
while the linear term is convex by definition. Furthermore, A is convex by
Corollary 2.6. Thus T is indeed convex on Aj.

For equivalence between (3.42) and (3.43), the first term of (3.43) follows
the proof of Theorem 3.12 along with the multiplication of s;. Thus what
remains is to show that s; 5( Prv.c)5,, (Jo—60;)+5L2 (Prv.c)3s, (00—00;) equals
the final terms of (3.43) up to multiplication of a constant and addition of
a constant. Thus we simply write up and expand the terms:

S0(Prv Yy (60— 602) + 2 (Prv ), (60 — )

- 1.
zsiﬁ/fi VA(Véai - Voo — [Vooil’) + 5 fi VIV (60 — 60y
Q

- % [72(Vb0; - V(60 — b60;))2da
= 3;6 / T2 \N6e ) + 173 (V 6o, - Vo) (2|V o — (Voo - Vo))
Q

— [ PIVea | — £ V60| da, (3.45)
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thus removing the constant term —5“3 Jo fi 1/2]V5 + fi73/2|V50i]4d:c
yields the expression in (3.43).

Now in order to solve (3.43), we need find a stationary point as the problem
is convex, and thus solve T4 n =0, Vn € H}(Q). So first of all T, has to
be determined. This will be done in multiple steps for clarity,

d1l
5100 + en = 2illin ) = (60 + en = %, My, (3.46)
d 1
|V(5U +en)|* = V(6o + en) - Vn, (3.47)
d
£V5Ui -V (6o + en) = Vio; - Vn, (3.48)
d1l

E—(Vdal V(do +en))? = (Vio; - V(6o + en)) (Vo - V). (3.49)

Now inserting the expressions (3.46) through (3.49) into £Y(60 + €n)|c=o
yields

5 = (00 =%, M) 1) + Siﬁ/ fi_l/QV50 -Vn+ fi—3/2|v5ai|2V(5ai -Vn
Q

— [7¥2(Vb0; - Vo0)(Voo; - Vn)dx, n € HL(Q). (3.50)
Now solving T4, n =0, Vn € Hj(Q) yields (3.44) via (3.50). O

The expression (3.44) seems awfully complicated and seemingly hard to
solve, however, we may also recognize that it is similar to a weak formula-
tion of a PDE. Hence it can be solved numerically as such using for instance
a finite element method. However, before solving the above problem numer-
ically, it is always convenient to show that there exists a unique solution.

Corollary 3.17 The expression in (3.44) has a unique solution do € Hj ().

Proof. The proof will be an exercise in the Lax-Milgram theorem (Theorem
C.3). From (3.44) the forms for Theorem C.3 has already been separated
on each side of the equality sign,

B(éo,n) = <50-77]>H1(Q)+Si6/fi_1/2V5O-'V77dx
Q

— 58 / 17N 60; - Vo) (Voo - Vn)dz,
Q

L(n) == (i, M) 1 () — i3 /Q F732\N 60,V o; - Vnda.
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It is obvious that B is bilinear and that L is linear. Notice that Hj(Q) is
a closed subspace of H'(2) in the [I[[ 771 ()-norm, thus H}(Q) is indeed a

Hilbert space when equipped with the H 1(Q) inner product from Lemma
2.2. Now to show that L is bounded in Hj(f2). Here Cauchy-Schwartz’
inequality and Lemma 2.2 is applied for the first term in L, and for the
second term a simple upper bound is applied via the supremum followed by
Cauchy-Schwartz’ inequality:

/ fi_3/2|V50i|2V50i - Vndz
0

|L(n)| < |<%‘777>H1(Q)| + sif
~3/2 2
< ||%||H1(Q)||77||H1(Q) + Siﬁsgp [fi Voo, } |<5U¢,77>H1(Q)|
—3/2 2
< (Clllli o + 581653y 500 [11904] )
(3.51)

Here it should be noted that ;,d0; € H}(Q) and the above expression
therefore makes sense. What remains for L to be bounded via (3.51) is to

show that the expression supg, [ fi 3/ 2[V(50i|2} is bounded:

(2

_ S| do;)?
f; 3/2|V50i|2: |V20'| < N 02| tc
(|Vdai|” 4+ ¢)3/2 = (|[Véoy|” + ¢)3/?
= (|Véoi|> +¢) V2 < 7% < o0, (3.52)

thus L is a linear and bounded functional on H}((2).

Now let’s turn the attention towards B, where Theorem C.3(i) will be
shown:

1B(60,m)] < {00,m) i1 ey | + 518

Q
+ 58 / £ (V60 - V60)(Vdo, - V)| da.
Q

For the first term we will again make use of Cauchy-Schwartz’ inequality
and Lemma 2.2. For the second term supg fi_l/ % will be pulled outside
and Cauchy-Schwartz’ inequality will be applied to the remaining inner
product. Lastly for the third term Cauchy-Schwartz’ inequality will be
applied to get | £, */*(Véo;- Vo) (Voo:- V)| < f;*|Vbo:|*|Véo| |V, and

-3

supq f; / 2|V<50¢]2 is pulled out, and finally Holder’s inequality is applied to
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the remaining integral:
B, < C2100| s 0 [l oy + 536 5D £ 100, m) o
+sifsup | £V 50, | V60l 2(0y)| V1l 0
=Qﬁmﬁ%QﬁW+ﬁ”W%ﬂ)wﬂmmwm@.
(3.53)

What remains in order to show Theorem C.3(i) from (3.53) is that the
expression supy, [ fl-_l/ EE fl-_3/ 2|V50i|2} is bounded, which is done by using
(3.52) and that fi_l/2 <12 < 0.

Now to show Theorem C.3(ii):

B(00,00) = ||d0][31 ) +5:8 / £ Vo0 Pdr—s8 / f72(Vb0,-Vio)2da.
Q Q

For the first term Lemma 2.2 will be applied. For the third term due to the
negativity sign, that s;6 > 0, and that the integrand is non-negative, then
Cauchy-Schwartz’ inequality can be applied as a > inequality for Vio,;-Vio:

B(59.30) 2 Cloclip + 58 [ [£7° = 571950 |V6of'ds
> (C+siBint |17 = £7V00i | ) 10017y (3:54)

Since the constant C' from Lemma 2.2 is positive, what remains in order to
show Theorem C.3(ii) from (3.54) is to show that infg [fi_l/Q - fi_3/2|V502-\2

is bounded from below and does not make the expression in front of ||50||§;1(Q)
negative:

[P = 17PN = 7 RV o) = P £ =,

thus Theorem C.3(ii) holds.

Hence we can conclude the proof using Theorem C.3; that (3.44) has a
unique solution do € Hy(Q). O
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Numerical Experiments Using
the Finite Element Method

For the numerical experiments with the previously explained algorithms,
the finite element method (FEM) will be applied, which is a very popular
method for solving PDE’s. While this thesis is not focusing on how FEM
works in practice, there will be a small introduction on some properties that
will be useful for understanding the solutions from this method.

The elements I will be using are so called continuous Galarkin elements
of first degree, which means that the domain €2 is discretized in a triangle
mesh, and FEM solutions will be continuous piecewise linear interpolations
between correct values defined at the triangle nodes. This gives a finite
dimensional closed space V;, C H'() (since continuous piecewise linear
functions on a bounded domain are weak-differentiable), so solving a PDE
with this FEM corresponds to a projection from the solution in H'(€2) and
onto V,.

Let ¢, € V}, be the function that is zero at all nodes except at the k’th node
where it has the value 1, which can be written as ¢(x;) = 05, with dy
being Kronecker’s delta, and z; be the location of the j'th node. Note that
the support of ¥, is restricted to the polygon comprised of the neighbouring
nodes, see Figure 4.1 on the next page.

{1} is a basis for V},, as any linear combination of piecewise linear functions,
is also a piecewise linear function, and the nodes are the only degrees of
freedom in V. Let u € V}, then we have the following exceptionally useful
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0.00 0.250 0.500 0.750 1.00 0.00 0.250 0.500 0.750 1.00

Figure 4.1: 3D plot of a single basis function for the FEM basis as a
surface plot and wireframe.

property

u(z) = Zu(:vk)wk(x), x €€,

k

where z; is the location of the k’th node. Thus any function in V} is
expanded via its own discretized function at the nodes. It should also be
noted that something as simple as a product of two functions in V}, or
taking the absolute value of such functions will sometimes lead to functions
outside V}, as they can only be determined on a finer mesh, as seen in
Figure 4.2 where additional nodes would be required at the zeroes in order
to accurately determine the absolute value of a function. For this reason

— original
— FEM absolute
— true absolute

Figure 4.2: 1D case of absolute value of a FEM-function on a very coarse
grid.
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we will approximate such operations such that they remain in V}, and are
exact on the mesh nodes, i.e.

[f(@)] =) | f(xp)|vn(z), x€Q, f eV,
k
(fuf2)(z) == Zfl(iﬁk)fz(iﬁk)i/}(x), z € f1, f2 € Vp

Note how {1} is firstly only a basis for V}, which is only a small subspace
of H'(Q). Secondly {+;} is not orthogonal, namely, due to an overlapping
support of the non-negative basis functions corresponding to neighbouring
nodes. Thus we have an almost orthogonal basis, as any one basis function
is orthogonal to all other basis functions except for the basis functions at
neighbouring nodes.

In Jin et al. [9] they use the FEM basis anyway assuming orthonormality,
since their result for Theorem 3.12 relies on an orthonormal basis. How-
ever, {1} is not even an orthogonal basis, and only a basis for a finite
dimensional subspace of H}(Q2). So let’s try instead to find an approxi-
mate solution to (3.27) using only the assumption that we use V}, and not
anything about orthogonality.

Theorem 4.1 (FEM Approximate Step) Given do;, VsJ(0;) € V}, and
Rq 1 is given for Vi, in terms of the {1y }-basis. Let {xy} denote the locations
of the mesh nodes. Then

1
min Y (do) = §||5U — (0o; — siVSJ(Ui))H?{l(Q) + 8 Re1(00), (4.1)

doeVy

1s approximately solved by

0041 = ZSSiak/HwkHLl(Q)(50i($k) — siVsJ (i) (xr) ) Vr, (4.2)
k

1.€.

00i11(k) = Y Seian/ Il o (003 (1) = 5V 3T (07) (k)
k

Proof. Let f := do with f; := do(xy) and h = do; — s;VsJ(0;) with
hy := d0(xy) —s;VsJ(0;)(xy). Similarly f, , etc. will denote %f(a:k), where
f here denotes the underlying smoother function that has been discretized.
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Assuming d = 2 (the proof is similar for d = 3), then
1
XU = g = Al + 3 sunli

= /|f h| dx + = /|Vf Vh| d:v+Zszak|fk
=3 /Q > (fo = hi)*brda
k
* %/ D ok = o) + (fyk = by )?] e + Y sicul fol
Q L
1
= 50 [0 = 1) (o = ho)” + (ke = hypa)*] el
k

+ ) sionl fil
k
= Z Tk<fk, fw,ku fy,k)'
k

Thus in accordance with the proof of Theorem 3.12 we attempt to minimize
each T}, however, here we need to do so w.r.t. fi, fzr and f, 5. It is evident
that the only stationary point w.r.t. f,, and f, are for f,, = hg i and
fyke = hy . While minimizing solely w.r.t. f; follows the proof of Theorem
3.12 and yields the result in (4.2).

So in the case that h is not truncated at a node and its neighbouring nodes
by the soft-shrinkage, then we have that Vf = Vh locally since f =
locally up to subtraction with a constant, and it is therefore also optimal
in the f,, and f, ; sense, see Figure 4.3a on the next page.

If h is truncated at a node and its neighbouring nodes, then f = 0 and
therefore V f = 0 locally, however, since s;ay is typically very small (even
for large step sizes) this implies that A must be locally close to zero for
the truncation. Since we have a discretization and use piecewise linear
interpolation between the nodes, then h being close to zero implies that h
is very flat, i.e. Vh ~ 0 and therefore approximately optimal for f,; and
fu.k, see Figure 4.3b on the facing page.

In the case that h is truncated at a node, but not for all the neighbouring
nodes, then there is an error in this particular Ty, see Figure 4.3c on the
next page. However, in a heuristic sense this is a much smaller error com-
pared to what was done in Jin et al. [9] where such approximations would
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— before threshold — before threshold
— after threshold — after threshold

(a) Thresholding case 1. (b) Thresholding case 2.

— before threshold
— after threshold

-

(c) Thresholding case 3.

Figure 4.3: Three cases in 1D for the soft-shrinkage threshold.

occur at every node, since it was assumed that {1} was orthonormal (and
even an orthonormal basis for H}(2) and not the finite dimensional FEM
subspace). O

Thus while Theorem 4.1 is heuristic, it gave better solutions compared to the
implementation I made based on Jin et al. [9] where {1} was assumed to
be an orthonormal basis. Also note that assuming that {1} is orthonormal
does not take the area of the support for the basis functions into account
as seen in Theorem 3.12, where the normalization term would vanish.

Under any circumstances the parameters o will have to be determined for
a fixed mesh, since a refinement of a mesh would only slightly change the
discrepancy term while the penalty term would be drastically increased,
by simply adding more terms to the summation. This is illustrated in
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Figure 4.4 where a simple splitting of the mesh triangles yields a great
increase in the number of nodes (this is just an example to make the point
about using a fixed mesh for the experiments, and not on how to in practice
refine a mesh. In practice when refining a mesh by splitting triangles, there
is typically also edge flipping involved to make the mesh more even, such as
in Delaunay triangulation). Therefore a fixed mesh will be used throughout
this section for the computations.

L ¢

L Y 4

-~
[]
1
(]
]
[]
]
(]
]
L[]

Figure 4.4: Illustration of introducing new nodes into a triangulated
mesh, by splitting each triangle. Black lines indicate old
edges, while the dashed blue lines are the edges from the new
nodes.

Since the data used for this thesis will be simulated numerically, this will
be done by solving the forward problem with the exact conductivity using a
very fine mesh, and afterwards it is interpolated onto a much coarser mesh
where noise will be applied, see Figure 4.5 on the next page for the mesh.
The reason for simulating the data on a different mesh, is to avoid the so-
called inverse crimes, which occurs when the data is determined via the same
mesh as the solver is applying. Inverse crimes often gives unnaturally good
reconstructions that are not comparable with what you would normally get
from real-world data.

To summarize the algorithm that will be applied, pseudo code of the al-
gorithm is presented in Algorithm 1 and Algorithm 2. It is worth noting
that a minimum s,,;, and a maximum s, initial step size is used. The
maximum step size is to avoid exceptionally large step sizes from (3.12)
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i-

| exper

1Ca.

Fine and coarse mesh that will be used for numer

ments.

Figure 4.5

when (d0; — 601, Vs J(0:) — VJ(0i-1)) gr(q) = 0, and the minimum step

to check if a slightly larger step size is acceptable if the computed BB

size 18
step s

lly be

is not acceptable it will automatica,

m

11 (and if sy,

ize is very sma

reduced).

Algorithm 1 Algorithm for choosing step size.

procedure STEPSIZE

Compute s; by (3.12)
Threshold s; by s

min{max{s;, Smin }» Smax }

while s; not accepted do

)

Compute do;1 using one of the following

(3.28) (sparsity)

if s; and do,; satisfies the weak monotonicity (3.17) then

(4.2) (sparsity with FEM basis)

(3.44) (TV)

Accept s; and do; 44

else

282/2

end if
end while
end procedure

(2
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Algorithm 2 General framework for the iterative algorithm.

procedure EITSOLVER
Set 1:=0
Set do; := 0
Compute ¥p(do;)
while stopping criteria not reached do
Set 0; := 0y + d0;
Compute V.J(0;) by (3.2)
Compute VJ(0;) as the solution of (3.8)
Compute s; and do;1 by Algorithm 1
Compute Vp(d0;41)
Set 1 : =141
Check stopping criteria
end while
Return o := o¢ + do;
end procedure

4.1 Preparing for the Numerical Experiments

In the following, EIT reconstruction using either sparsity regularization
with the FEM basis or TV regularization are tested in various scenarios to
evaluate their respective strengths and weaknesses. Some parameters, how-
ever, will be fixed throughout all the experiments, 7 := 107® and M := 5
for the weak monotonicity in Definition 3.7. The parameter ¢ for TV reg-
ularization is fixed at ¢ := 107> since this value produced good results. It
should be noted that a too high value of ¢ will generate bad approximations
to the true total variation, cf. (3.38) via (3.39), whilst a too small value
will make the method unstable due to a singularity in the derivative of the
TV penalty term (Lemma 3.15). Furthermore, in sparsity regularization we
will use ay, := «, Vk, i.e. the same parameter for all basis functions, in all
tests except in Section 4.9 on page 115 where we exploit having different
parameters to incorporate prior information into the solution. The mini-
mum and maximum initial step sizes for each iteration are s,;, = 1 and
Smax = 1000.

The stopping criteria are a maximum number of iteration I, := 200 and
lower bound on the step size sgop = 1073. The use of Sstop has proven
quite effective, because once the step size drops this low, numerical experi-
ments have shown that the method does not change significantly even after
hundreds of additional iterations, strongly indicative of it being stuck at a
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local minimum. Another auspicious stopping criteria would be the change
in the objective function ¥ p, however, I have chosen not to apply this as the
method has given much improved solutions (especially in terms of contrast)
even when Up has only been reduced very little.

The weights {wy} in (3.19) have been included in the implementation, how-
ever, for these experiments they are all chosen as wy := 1, Vk, i.e. all the
datasets are weighted equally. Furthermore, I' := 92 in (3.20), except in
Section 4.8 on page 106 and Section 4.9 on page 115 where there will be
experiments with partial data. The domain 2 used for the experiments will
be the unit disk in R?.

The Neumann-data that will be used for the following tests are:

= cos(NE),

v = o0l (4.3

gn = sin(N6),

for various N € N, where 6 € [0,27] is the angular variable for polar

coordinates in ). It is easily checked that this form of Neumann-data
satisfies the condition [, gds = 0.

The perturbation € in the data ¢ := F (o) + € will be applied to the nodal
points on the boundary via

e(xy) := w Hmax zjr_rel?é}][ng(o)](xj)]Q, xy € {z;} C 09, (4.4)

where K denotes the number of Neumann-datasets g (which could be a
combination of the types in (4.3)), {z;} denotes the nodel points on the
boundary, w € [0, 1] denotes the noise level in terms of L, and (, is nor-
mally N(0,1) distributed. This is in accordance with the perturbations
used in Jin et al. |9].

Remember that we seek to find ¢ = 0¢+0d0, where oq is a known background
conductivity. The background conductivity oy will be constant in all tests,
since the true challenge lies in determining do and the role of oy is quite
minimal as it is assumed to be known. In all tests but one in Section 4.5
on page 94 I will use the background conductivity oy := 1 in €.

For solving the PDE’s numerically I have used the Python based software
package FEniCS [31], and despite the existence of tools in FEniCS to gen-
erate mesh for simple domains such as the unit disk, I found that the mesh
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was quite non-uniform. Therefore I have used the software Gmsh [32] to
generate the mesh.

Numerous test of different scenarios will be presented each highlighting spe-
cific properties of the solution. Of these tests, I will emphasize Section 4.8
on page 106 and Section 4.9 on page 115 and encourage the reader to focus
on these sections, where we look into using partial data and further use of
prior information.

From Figure 4.6 it is evident that the sparsity and TV solvers take just
about the same time to run each iteration. The TV solver is negligibly
slower, due to having to solve the weak problem in (3.44). The main com-
putational burden lies with the number of datasets that is applied, i.e. if
K datasets are used then it will need to solve K weak problems for each
evaluation of ¥p, and K + 1 weak problems for finding VJ (o) via (3.19)
and (3.9) when the forward solutions from the evaluation of ¥p is reused.
Up and V,J(0) have to be evaluated at least once per iteration, and ¥p has
to further be evaluated if a step size reduction is required. So (2+ Z)K +1
weak problems have to be solved in an iteration for the sparsity solver and
(24 Z) K +2 weak problems for the TV solver, where Z denotes the number
of times the step size has to be reduced (which usually is 0 — 1 times).

Time in seconds

— Sparsity
— TV

10° 10*

# of triangles in mesh

Figure 4.6: Computation time for one iteration, for increasingly refined
mesh using 10 datasets.

From Figure 4.6 the computation time for one iteration is almost increasing
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as a straight line in the double-logarithmic scale, i.e. if C'r is the computa-
tion time and Np the no. of triangles in the mesh, then

logo(Cr) =~ alog,o(Nr) +logyo(b) = log,o(bN}) = Cr ~ bNy.

Fitting a first order polynomial to (log,q(Nr),log,,(Cr)) lead to the values
(a,b) = (0.8405,1.518 - 10?) for sparsity and (a,b) = (0.8303,1.712 - 1073)
for TV. So it is quite evident that sparsity and TV are equal in speed
per iteration, however, it should be noted that TV tends to use far more
iterations than sparsity regularization.

4.2 Validating the Implementation of the
Forward Map

In Section 2.1 on page 14 we saw a case for which the solution of the
forward problem could be determined via known functions in (2.28). This
can be used to validate the implementation for the forward problem, which
is an implementation of the weak formulation (2.13). While the actual
forward map is F, and is determined on 0f2, I will instead look at Fj,
which is determined on §2 since this map is involved in also determining the
derivative of the discrepancy term.

For the test I have used a concentric conductivity oo (see (2.15)) with
radius 7 := 0.5 and C := 5, furthermore, N := 5 for gy := cos(Nf). In
Figure 4.7 on the next page the errors in the H'(2)-norm are given for
increasingly refined mesh, and it is evident that the absolute and relative
errors decrease with the refinement in the mesh, in a manner resembling a
straight line in the double-logarithmic scale. Similar to what was done for
Figure 4.6 on the facing page we can determine the rate of decay for the
errors. So let u* be the exact solution and u the numerical approximation,
and Np the no. of triangles in the mesh, then

[u* = wl ga = 1.626N %47,
I = vl 2.077N; 46,

K PP

Thus quadrupling the no. of triangles in the mesh approximately halves
the absolute and relative errors.

The reason for the jagged curves in Figure 4.7 on the next page is that
I used the built-in mesh for the unit circle in FEniCS [31] to easily scale
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10
10t}
107}
— Absolute H' error
— Relative H' error
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10
10° 10° 10* 10°

# of triangles in mesh

Figure 4.7: Absolute and relative errors in the H'-norm, for increasingly
refined mesh.

the triangles in the mesh, however, as aforementioned the mesh is not very
uniform in this tool, and some configurations of the elements are better
suited for the numerical computations.

To elucidate where the errors occur in the implementation, the solution
at the finest mesh in Figure 4.7 is shown in Figure 4.8 on the next page,
where one can see an imprint of the concentric conductivity with radius 0.5,
and it is near the discontinuity of the conductivity that the error is largest.
This makes sense as we deal with piecewise linear elements, so no matter
how small the elements are, there will always be an error in approximating
the discontinuity with a continuous function, which will show up in the
numerical solution of the forward map.
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A A

-0.200 -0.0999 3.02e-08 0.0999 0.200 -0.200 -0.0998 2.31e-06 0.0998 0.200

(a) Exact solution. (b) Numerical solution.

-0.000460 -0.000231 -7.37e-07 0.000229 0.000459

(c) Difference.

Figure 4.8: Exact and numerical solution of the forward case, and the
residual.

4.3 Determining Appropriate Regularization
Parameters, Number of Datasets, and
Noise Level

Choosing a good value for the regularization parameters is key to achieving
good reconstructions from regularized solutions.

This section will go through tests to determine good candidates for regu-
larization parameters for sparsity and TV regularization, as well as inves-
tigating the influence on the solution by the number of Neumann-datasets
applied. Finally, the solutions from sparsity and TV regularization are
investigated for different noise levels to see how robust the methods are
towards noise.
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Regularization Parameters

To get an idea of the magnitude of a good regularization parameter, I have
tested a range of different parameter for the sparsity and TV regularization
with noise levels w € {0,107%,1073,1072,107}. This is performed using
the conductivity phantom in Figure 4.9 and 6 datasets of Neumann-data,
gy and gy from (4.3) with N = 1,2,3. It should first of all be noted
that the phantom is actually quite difficult to reconstruct in itself, as it is
discontinuous which is often something that regularization techniques have
huge problems in reconstructing, and the range of the contrast is quite large
for such a small inclusion.

6.00

Figure 4.9: Conductivity phantom.

In Figure 4.10 on the next page the L' and L? absolute errors are shown for
the reconstructions with different parameters of o, using a few iterations
for each reconstruction. The reason for using both L' and L? errors, is due
to L' giving much larger errors if the support is not well determined (i.e.
if there are small unnecessary oscillations), and L? errors will be large if
the contrast of the inclusion itself is not well reconstructed. It seems that
a good choice of parameter is o := 2 - 107, which will be used for most of
the following tests. However, since sparsity regularization using the FEM
basis is more sensitive to the regularization parameter, there will be some
situations where a different parameter will be applied and this will explicitly
be stated.

Similarly, we can investigate the TV regularization, and as seen in Fig-
ure 4.11 on the facing page the curve is quite flat for low values of (3, so
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— noise level 0 — noise level 1072 — noise level 0 — noise level 1072
— noise level 107* — noise level 107! 4.0l _ noise level 10 — noise level 107!
— noise level 10°* — noise level 10°*

-8 7 6 4 3 2 -1

> 10
[0

(a) Absolute L' error. (b) Absolute L? error.

10° 107 10 107 10° 10

Figure 4.10: Sparsity reconstructions for different noise levels, using a
maximum of 50 iterations, for varying regularization param-
eter «.

to promote a piecewise constant solution the largest value of g that yields
a small error is applied. A good parameter is § := 6 - 107%, and TV regu-
larization is actually quite stable in terms of the regularization parameter
when it comes to different inclusions or mesh, so the parameter will only
rarely be changed in the coming tests.

— noise level 0  — noise level 1072 — noise level 0 — noise level 1072
— noise level 10— noise level 107! 36— noise level 100 — noise level 107!
— noise level 1073 "l — noise level 10
1.65 ]
51.60
—
Q
7,1.55
1.50
1.45 2.2
10® 107 10° 10° 10* 10° 107 10* 10® 107 10° 10° 10" 102 107 10*
B g
(a) Absolute L' error. (b) Absolute L? error.

Figure 4.11: TV reconstructions for different noise levels, using a maxi-
mum of 50 iterations, for varying regularization parameter

B.

The effects of over regularization, i.e., where the regularization parameter
is chosen too large can be seen in Figure 4.12 on the next page. Over
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regularization in sparsity regularization leads to a very small support, which
is quite intuitive with the penalty term that penalizes non-zero values at
the nodal points. TV regularization display the opposite case, namely, that

the support is vastly overestimated.

1.00 2.14 3.28 4.42 5.56 1.00 1.04 1.08 L1 1.15
[
(a) Sparsity. (b) TV.

Figure 4.12: Over regularization in sparsity and TV reconstructions using
parameters o = 107 and 8 = 10~!. The noise level is 1073
and 10 datasets were applied.

In Figure 4.13 we see the effect that noise has on the solution when no
regularization is applied. Here it should also be noted that 10 datasets were
applied, which significantly improves the solution. It appears that with no
noise the method performs okay, however, it is seen that the inclusion itself
has negative values as the background conductivity in Figure 4.9 on page 70
is 09 := 1.

2

0.765 1.63 2.49 3.36 4.22 -0.0904 0.993 2.08 3.16 4.24

(a) Noise level 0. (b) Noise level 1071

Figure 4.13: Reconstruction using no regularization.
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We shall see in Figure 4.24 on page 82 and Figure 4.25 on page 83 that the
parameters a = 2-107° and 8 = 6-10~* found in this section leads to much
better solutions.

Number of Datasets

Given that good candidates for the regularization parameters have been
found, the influence of the number of datasets will now be investigated. In
this test the noise level will be fixed at 1073, and the tests will be conducted
using 1, 2, 6, 10, and 20 datasets.

3.0 . .
? . 3.0 .
25 | 2 ) °, ®°®L
R e ¢ 1’ 2.5 o e e 1% |
® 4 0
2.0 2.0
L5e [} | 1517 L4 [} [}
[ ]
1.0 1 1.0
0.5 1 0.5
0.% 5 10 15 20 0.0 5 10 15 20
# of datasets # of datasets
(a) Sparsity. (b) TV.

Figure 4.14: Absolute error in sparsity and TV reconstructions for dif-
ferent number of Neumann-data, corresponding with Fig-
ure 4.15 on the following page and Figure 4.16 on page 75.

In Figure 4.15 on the following page the results for sparsity reconstruction
can be seen, where especially the case with 1 dataset is quite bad, which
corresponds well with the example in Section 2.1 on page 14 where it was
shown that there are cases where 1 dataset is not enough to uniquely in-
vert the data. As expected the results improve with increasing number of
datasets, and the same is the case for TV regularization as seen in Fig-
ure 4.16 on page 75. However, the doubling from 10 to 20 datasets does not
seem to improve much, which is also evident in Figure 4.14 where the in-
significant decrease in error is completely unjustified by the vast increase in
the number of numerical computations. Therefore the number of datasets
used in the rest of the tests here and in the following sections will be fixed
at 10.
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1.00 225 3.50 4.75 600 1.00 2.09 3.17 4.26 5.34
[ [
(a) Conductivity phantom. (b) Data ¢;.

1.00 1.85 269 3.54 4.38 1.00 1.89 278 3.66 4.55
(c) Data g1 and g;. (d) Data gy and gy, N =1,2,3.

3.36 4.55 5.73 3.37 4.55 5.73

|§
N
|§
N

(e) Data gy and gy, N =1,...,5. (f) Data gy and gy, N =1,...,10.

Figure 4.15: Sparsity reconstructions for different number of Neumann-
data (4.3) with noise level 1073 and regularization parameter
a:=2-1075.



4.3. Regularization Parameters, Datasets, and Noise Level 75

1.00 2.25 3.50 4.75 6.00 1.00 1.27 1.53 1.80 2.06

(a) Conductivity phantom.

1.00 1.31 1.62 1.93 224 0.964 1.39 1.81 223 2.66
(c) Data g; and g;. (d) Data gn and gy, N =1,2,3.

0.934 1.44 1.94 244 2.95 0.865 1.42 1.98 253 3.09

(e) Data gy and gy, N =1,...,5. (f) Data gy and gy, N =1,...,10.

Figure 4.16: TV reconstructions for different number of Neumann-data
(4.3) with noise level 1073 and regularization parameter 3 :=
61074
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Noise Level

Now the reconstructions for various noise levels will be investigated. In
Figure 4.24 on page 82 it evident that sparsity reconstruction is quite robust,
as very similar reconstructions are found for the different noise levels. It
is seen that the support is slightly smaller for the reconstructions than
the phantom, and this will be characteristic for the sparsity regularization
throughout the tests. However, the contrast is quite close to that of the
phantom which is excellent given that the contrast is actually quite large
for such a small inclusion. For the noise level of 107! we do see that it is
slightly more difficult to reconstruct the circular shape of the inclusion.

Figure 4.25 on page 83 shows the reconstructions from TV regularization for
various noise levels, and here it is evident that apart from the noise level of
1071, the reconstruction are almost identical, and for the noise level of 107!
we get quite an awful reconstruction. Unlike the sparsity regularization,
the support of the TV reconstruction appear to be slightly larger than the
phantom. However, when it comes to the contrast, the TV regularization
does not perform quite as well as the sparsity regularization. Furthermore,
the TV reconstructions are constant in an area corresponding well with
the support of the phantom yet there is still a smooth transition near the
boundary of the inclusion, so the purpose of finding piecewise constant
solutions with this technique is only partially fulfilled.

The two regularization techniques seem to perform quite well in terms of
determining the support of the inclusion, considering the difficulty of the in-
clusion and the severe ill-posedness of the problem, and the two techniques
also seem to excel at reconstructing different properties of the solution.
That sparsity regularization underestimates the support and TV regulariza-
tion overestimates the support may also explain why sparsity regularization
gives a higher contrast than TV regularization. In Section 2.1 on page 14 we
saw that for concentric conductivities a smaller support and higher contrast
leads to similar Dirichlet-data as a larger support and smaller contrast, and
this may very well also be the case for non-concentric conductivities.

The exact data F,, (o) along with perturbed data are shown in Figure 4.17
on the next page, and it is evident that there is a dent in F,,(c) near
0= ?jf ~ 2.36 (the angular variable on the boundary) which is where the
inclusion in Figure 4.9 on page 70 is closest to the boundary. The dent is
most noticeable for ¢g; and this small dent is how the inclusion is identified

in the data. When we look at the perturbed data in Figure 4.17b it is not
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surprising that TV regularization has difficulty in reconstructing with this
data, however, it is quite amazing that the sparsity regularization performs
this well.

— F,o — F,o — F,o — — ¢y — &5
10— Fuo T Fue 1.0 __ b — ¢
0.5 1 0.5
0.0 1 0.0
-0.5 1 -0.5
0 1 2 36 4 5 6 0 1 2 30 4 5 6

(c) gn.

Figure 4.17: Exact and perturbed Dirichlet-data with noise level 1071
corresponding to the Neumann-data gy in (4.3) with N =
1,...,5.

To illustrate the performance of the iterative method some of the iterates
are shown in Figure 4.18 on the following page for sparse regularization and
Figure 4.19 on page 79 for TV regularization, where it is apparent how the
support and contrast improve throughout the iterations.

To further show the performance of the iterative method, the L' and L?
errors are shown in Figure 4.20 on page 80 for sparsity regularization, and
the errors for TV regularization are depicted in Figure 4.21 on page 80. In
both cases an overall decay is seen in the errors. It is also seen that sparsity
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1.00 1.29 1.58 1.87 2.16 1.00 1.55 211 2.66 3.21
[ [
(a) Iteration 5. (b) Iteration 10.

0.915 1.86 2.80 3.75 4.69 1.00 1.99 2.99 3.98 4.98
[
(c) Iteration 30. (d) Final iteration.

Figure 4.18: Sparsity reconstruction at different iterations, with noise
level 1072 and o :=2-107°.

regularization tends to take much fewer iterations while TV regularization
makes use of all total 200 iterations. For the case of noise level 0 and noise
level 10~* there is a sudden drop in the error for sparsity regularization, after
which it is increased again, this may very well be due to semi-convergence.
Semi-convergence is common in iterative methods since we do not have
the exact data. The method may come very close to the exact solution
(corresponding to data with no perturbation) and then diverge away from
it again towards the biased solution from the regularization [24].

By looking at the objective functions Ug and Uy in Figure 4.22 on page 81
we see an overall decay, which shows that the algorithm is in fact trying to
minimize these functionals. There is also the occasional increase which is
allowed due to the use of the weak monotonicity (3.17).

Finally looking at the step size at different iterations in Figure 4.23 on
page 81, it is evident that it varies quite a lot, and for sparsity regulariza-
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0.950 1.19 1.44 1.68 1.93 0.909 1.24 1.58 1.91 225
[ [
(a) Iteration 5. (b) Iteration 10.

0.909 1.34 1.78 221 2.65 0.930 1.43 1.94 244 2.94
[
(c) Iteration 30. (d) Final iteration.

Figure 4.19: TV reconstruction at different iterations, with noise level
1073 and B:=6-107%.

tion it suddenly drops to sgep = 1072 the stopping criterion, when a local
minimum has been found. All we can say about the step size for TV is that
it varies quite a lot and that it is not reduced below the initial minimum of

Smin — 1.

From the above tests for different noise levels it may be too optimistic to
get good results for the noise level 107! (at least for total variation), and
the following tests will all be conducted using the noise level 1073,
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— noise level 0 : — noise level 0
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%20 Y
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iteration # iteration #
(a) L! error. (b) L? error.
Figure 4.20: Error for sparsity reconstruction at different noise levels with
a:=2-107°.
3.0 3.6
— noise level 0 — noise level 0
2.8 — noise level 107* 3.4 — noise level 107*
— noise level 10~ 3.2 — noise level 10
5 2.6 — noise level 1072 5 — noise level 1072
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S S
1.8 : ‘ : 2.20 : ‘ :
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iteration # iteration #
(a) L error. (b) L? error.

Figure 4.21: Error for TV reconstruction at different noise levels with
f:=6-10"%
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Figure 4.22: Objective functional for sparsity and TV reconstruction at

step size

—
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different noise levels with parameters a :=2-10~

61074

noise level 0
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(a) Sparsity.
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> and 3 :=

noise Ievel 0
noise level 10™*
noise level 107
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noise level 107!

50 100
iteration #

(b) TV.

Figure 4.23: Step size for sparsity and TV reconstruction at different noise
levels with parameters o :=2-107° and 3 := 6 - 1074
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1.00 2.25 3.50 4.75 6.00 1.00 2.23 3.46 4.70 5.93
[ [
(a) Conductivity phantom. (b) Noise level 0.

1.00 2.05 3.09 4.14 5.18 1.00 1.99 2.99 3.98 4.98
(c) Noise level 1074, (d) Noise level 1073.

1.00 2.13 3.27 4.40 5.54 1.00 1.92 2.84 3.76 4.68
[ [
(e) Noise level 1072 (f) Noise level 1071,

Figure 4.24: Sparsity reconstructions for different noise levels with regu-
larization parameter o := 2 - 107°.
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1.00 225 3.50 4.75 E.IDO 0.937 1.44 1.94 244 2.I94
L L
(a) Conductivity phantom. (b) Noise level 0.

0.935 1.44 1.94 244 2.I94 0.930 1.43 1.94 244 2.I94
(c) Noise level 1072 (d) Noise level 1073.

0.926 1.43 1.94 245 2.I96 0.120 0.837 1.55 227 2.I99
L L
(e) Noise level 1072. (f) Noise level 1071,

Figure 4.25: TV reconstructions for different noise levels with regulariza-
tion parameter 3 := 6 - 1074,
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4.4 Reconstructions for Various Locations,
Sizes, and Amplitudes

In this section, reconstructions based on simple inclusions are investigated in
terms of the location, size, and amplitude of the inclusion do. The reason
for looking into these cases is because these parameters for the inclusion
have a lot to say on how well the inclusion is reconstructed in the solution.
The inclusions here will be disks with the format (c,, ¢,, C,r) where (¢, ¢;)
will be the centre, C' will be the amplitude of the inclusion do, and r the
radius.

Location

Here reconstructions of an inclusion is investigated as it is moved from
close to the boundary and towards the centre of the domain. Since the
domain is the unit disk which is symmetric in the angular direction, it is
only interesting to investigate the position with regard to the distance from
the boundary.

From Figure 4.26 through 4.28 on pages 85-87 it is seen that the support
of the inclusion is reconstructed in much the same way, no matter the dis-
tance from the boundary, and the circular shape of the inclusion is also
well reconstructed in all three cases. The contrast, however, is much better
reconstructed for the inclusions closer to the boundary, and this is quite
intuitive, because the closer the inclusion is to the boundary the more sig-
nificantly it can affect the boundary data.

In Figure 4.8a on page 69 we have already seen that the forward map has
a smoothing effect, even on discontinuous conductivities, and this is partly
what makes the inverse problem very ill-posed as inclusion are difficult to
detect in the data.
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4

1.00 2.25 3.50 4.75 6.00 1.00 2.10 3.19 429 5.39
[ [
(a) Phantom. (b) Sparsity.

(c) TV.

Figure 4.26: Sparsity and TV reconstruction of phantom (¢, ¢,, C, R) =
(—0.3,0.3,5,04). a=2-10"% and 8 = 6 - 10~*.
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o

1.00 2.25 3.50 4.75 6.00 1.00 1.86 271 3.57 4.43
[ [
(a) Phantom. (b) Sparsity.

0.921 1.29 .66 2.03 2.39
(c) TV.

Figure 4.27: Sparsity and TV reconstruction of phantom (¢, ¢,,C, R) =
(—0.15,0.15,5,0.4). o =2-1075 and 8 = 6-10~*.
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O

1.00 2.25 3.50 4.75 6.00 1.00 1.71 242 3.12 3.83
[ [
(a) Phantom. (b) Sparsity.

0.969 1.29 1.61 1.93 2.25
(c) TV.

Figure 4.28: Sparsity and TV reconstruction of phantom (¢, ¢,, C, R) =
(0,0,5,04). a=2-10"% and B = 6 - 10~*.
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Size

Here reconstructions are performed for inclusions with the same amplitude
but varying size of the support. We saw in the test above that the distance
of the inclusion to the boundary has an effect on the contrast in the recon-
struction, therefore all the inclusions here are constructed such that they
have the same distance to the boundary.

In Figure 4.29 through 4.31 on pages 88-90 it is seen that the shape of the
inclusion and its support are reconstructed well, independent of the size of
the inclusion. From Figure 4.29 the contrast is reconstructed better than
in Figure 4.30 and Figure 4.31, and for TV regularization there is also a
significant improvement in Figure 4.30c over Figure 4.31c.

O

1.00 2.25 3.50 4.75 6.00 1.00 2.50 4.00 5.50 7.00
[ [
(a) Phantom. (b) Sparsity.

0.900 1.68 247 3.25 4.04
(c) TV.

Figure 4.29: Sparsity and TV reconstruction of phantom (c,,¢,,C, R) =
(0,0.2,5,0.6). a =2-10"% and 8 =6-107".

In Figure 4.29b there is even an overestimation of the contrast in the middle
of the reconstructed inclusion, and a more reasonable contrast for the rest
of the inclusion. Such overestimations are quite common in regularization
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1.00 2.25 3.50 4.75 6.00 1.00 1.95 2.89 3.84 4.78

(a) Phantom. (b) Sparsity.

0.929 141 1.89 237 2.85
(c) TV.

Figure 4.30: Sparsity and TV reconstruction of phantom (¢, ¢,, C, R) =
(0,0.4,5,04). a=2-10"% and B = 6 - 10~*.

techniques (at least for easier and often linear problems) when attempting
to approximate a discontinuous solution with a continuous reconstruction,
and it is similar to the Gibbs phenomenon that occurs in Fourier series
[18]. This explains why it is easier to reconstruct inclusions with larger
support, as most of the error occurs near the boundary of the inclusion,
and a larger support allows the method to better approximate the interior
of the inclusion.
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1.00 2.25 3.50 4.75 6.00 1.00 1.93 2.86 3.79 4.72
[ [
(a) Phantom. (b) Sparsity.

0.954 1.28 1.60 1.92 2.25
(c) TV.

Figure 4.31: Sparsity and TV reconstruction of phantom (¢, ¢,,C, R) =
(0,0.5,5,0.3). a=2-10"% and 8 = 6 - 10~*.

Contrast

Now varying the contrast of an inclusions is tested, where the position and
size is fixed. In Figure 4.32 through 4.34 on pages 91-93 we see the very
intuitive results, namely, that a smaller amplitude of do is easier to recon-
struct. In Figure 4.34 we even see that the reconstructions do not come
anywhere near the correct contrast, however, the contrast is also unreason-
able large compared to the size of the inclusion, and the case in Figure 4.33
is already a very difficult case, where the sparsity regularization actually
reconstructs the contrast quite well. In general TV regularization does not
reconstruct the contrast very well, even in the case in Figure 4.32.

Again the support and circular shape of the inclusion are reconstructed
reasonably well, and as a conclusion to this section it appears that the sup-
port and shape of the reconstruction are quite robust to the location, size,
or amplitude of the inclusion. However, the contrast of the reconstruction
appears to be affected in all three cases, and is by far the most difficult
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1.00 1.25 1.50 1.75 2.00 0.998 1.27 1.54 1.81 2.08

(a) Phantom. (b) Sparsity.

(c) TV.
Figure 4.32: Sparsity and TV reconstruction of phantom (¢, ¢,, C, R) =
(—0.3,0.3,1,04). a=5-10" and 8 = 6 - 10~*.

property to determine correctly.
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1.00 2.25 3.50 4.75 6.00 1.00 2.16 3.32 4.48 5.64
[
(a) Phantom. (b) Sparsity.

(c) TV.

Figure 4.33: Sparsity and TV reconstruction of phantom (¢, ¢,,C, R) =
(—0.3,0.3,5,0.4). a=2-10"% and 8 = 6 - 10~*.
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1.00 3.50 6.00 8.50 1.0 1.00 2.26 3.52 4.78 6.05
[
(a) Phantom. (b) Sparsity.

0.896 1.54 2.18 2.82 3.46
(c) TV.

Figure 4.34: Sparsity and TV reconstruction of phantom (¢, ¢,, C, R) =
(—0.3,0.3,10,0.4). a =2-10"% and 8 = 6 - 10~*.
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4.5 Reconstructions of Difficult Inclusions

In this section we will look at more difficult types of inclusions, which
will consist of multiple inclusions in different shapes and with different
amplitude to see if the method is able to separate the inclusions. There is
also an example of a ring-type inclusion which is donut-shaped, as holes in
the inclusions can be very difficult to reconstruct [9].

Multiple Inclusions

The first case of multiple inclusions is depicted in Figure 4.35a with two
circular inclusion and an ellipse. The small inclusion has an amplitude of
3, the larger circular inclusion has an amplitude of 4, and the ellipse an
amplitude of 2.5, and as usual the background conductivity is o¢ = 1.

S

1.00 2.00 3.00 4.00 5.00 1.00 1.86 2.71 357 4.43
[ [
(a) Phantom. (b) Sparsity.

0.942 1.37 1.80 224 267
(c) TV.

Figure 4.35: Sparsity and TV reconstruction of multiple inclusions. a =
107 and B =6-10"%

From Figure 4.35 it is seen that both sparsity and TV regularization have
great difficulty in determining the correct contrast, and they both want
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the ellipse inclusion to have the largest amplitude most likely due to it
being the inclusion with the largest support. It is also evident that TV
regularization has difficulty in separating the inclusions, which is not the
case for sparsity where there is a clear separation. It should also be noted
that it was necessary to reduce the parameter o to 107% to get a proper
result for sparsity regularization.

In Figure 4.35 we saw multiple inclusions, however, they are all positive
inclusions so it may also be interesting to see what happens if there is a
sign change. In Figure 4.36a we have two circular inclusions, the one on
the left has a contrast of —2 while the one on the right has a contrast of
2. Since we can not allow the conductivity to be negative, a background
conductivity of g = 5 has been used.

3.12 3.80 4.48

3.00 .00 5.00 6.00 7.00

4.
I m

5.16 5.84

(a) Phantom. (b) Sparsity.
4.15 4.45 4.74 5.04 5.34
(c) TV.

Figure 4.36: Sparsity and TV reconstruction of multiple inclusions. a =
1077 and B = 10~%.

In Figure 4.36 it is evident that both methods determines the sign of the
inclusions correctly, and both methods separates the inclusions, though TV
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regularization leads to a much too large support. The most interesting ob-
servation is probably that both methods favour the negative inclusion in
terms of contrast. Sparsity regularization almost reconstructs the contrast
for the negative inclusion perfectly while it hardly reconstructs the contrast
of the positive inclusion. It should also be noted that both of the regular-
ization parameters had to be reduced significantly to give proper results,
and it seems that both methods have difficulty in dealing with multiple
inclusions when these inclusions have different amplitudes.

In Jin et al. [9] they also looked at inclusions with different signs, however,
they used a much smaller amplitude for the negative inclusion (only 0.5), in
order to also be able to reconstruct a small positive inclusion. There is no
immediate indication from the theory for the method of why the negative
inclusion should be favoured, but we also saw in Figure 4.35 on page 94
that some inclusions are favoured over the others for no apparent reason.
While beyond the scope of this thesis, it is definitely a subject that is worth
investigating further in the future.

Ring-Type Inclusion

The following test was conducted because a similar test was found in Jin
et al. [9], where it was quite evident that ring-shaped (donut-shaped) con-
ductivities are very difficult to reconstruct, mainly because of the hole in
the inclusion.

In Figure 4.37 on the facing page we see sparsity and TV reconstructions
of such a ring inclusion, and the most glaring observation is probably that
TV regularization is not able to reconstruct the hole at all, but acts as if
the inclusion is solid, and changing the regularization parameter did not
improve the result. The same was actually the case with sparsity regular-
ization for the usual o = 2-107%, but reducing the parameter to o = 1076 it
actually reconstructs the hole, and in general it reconstructs the ring-shape
quite well. In Jin et al. |9] the reconstruction had the hole but the shape
was not quite as circular as in Figure 4.37b on the next page. In both cases
we see that the contrast is best reconstructed near the boundary, which has
already been discussed in the previous tests.
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3.40

(a) Phantom. (b) Sparsity.

1.00 1.22 1.43 1.65 1.86
(c) TV.

Figure 4.37: Sparsity and TV reconstruction of ring-type inclusion. o =
107% and B3 =6-10"%

4.6 Reconstructions of Smooth Inclusions

Until now we have only investigated reconstructions of phantoms that are
piecewise constant, and we have seen that in general the reconstructions
have been quite smooth. Therefore it could be interesting to see if a
smoother phantom will lead to better reconstructions. Most regularization
techniques are better at reconstructing smooth solutions, and has difficulty
in reconstructing discontinuities, however, both sparsity and TV regulariza-
tion does not favour smooth solutions over discontinuous solutions and in
particular TV regularization actually prefers discontinuous solutions over
general smooth solutions. So intuitively we should actually expect that
sparsity and TV regularization perform worse for smooth solutions.

The different inclusions in the previous tests consists of disks, ellipses, and
a ring, all of which are determined by a centre and a parameter r which is
the radius for the circular inclusions, similarly the ellipse is just a circle that
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has been scaled in one or both directions. So the usual piecewise constant
inclusions can be converted into smoother inclusions by a smooth transition
from some amplitude C' down to 0 that depends on r, i.e. the distance from
the centre of the inclusion. Thus we can determine a polynomial @) in r such
that Q(a) = C for the amplitude C of the inclusion and Q(b) = 0 to make
the transition in the range r € [a,b]. Since we know that the inclusions
used are constant outside the transition, their derivatives should be zero,
ie. Q9(a) =QW(b)=0for ¢g=1,...,D for D continuous derivatives,

Q(a) =C,

Q(b) =0,

Q)(a) =0, g=1,...,D, (4.5)
@®)=0, ¢g=1,...,D.

This leads to 2D + 2 constraints which means that 2D + 2 coefficients or a
2D+1 order polynomial can be determined uniquely via the linear system of
equations (4.5). In Figure 4.38 I have shown such a polynomial for D = 5.

a b
Figure 4.38: 11th order polynomial solving (4.5) for D = 5.

In Figure 4.40 on page 100 the usual non-smoothed phantoms can be seen
along with their smoothed version, also using D = 5 for the transitions.
Because the transitions increase the support, I have taken the liberty to
decrease the size of the smoothed phantoms slightly.
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The actual smoothing may be a little easier to see in 3D, so an example
with the multiple inclusion is shown in Figure 4.39.

=

&

1.00 2.00 3.00 4.00 5.00 1.00 2.00 3.00 4.00 5.00

Figure 4.39: Discontinuous and smoothed versions of phantom with mul-
tiple inclusions.

Now reconstructions are done based on the smooth phantoms in Figure 4.40
on the next page, and the results can be seen in Figure 4.41 on page 101,
where in general the reconstructions are very similar to those of the non-
smoothed phantoms (see Figure 4.33 on page 92, Figure 4.35 on page 94, and
Figure 4.37 on page 97 for the non-smoothed reconstructions). As explained
in the beginning of this section it is not surprising to see that the methods
perform slightly worse for smooth solutions. Especially the reconstruction of
the ring-inclusion is much worse, and the hole in the sparsity reconstruction
in Figure 4.41e is barely visibly (even after fine tuning the regularization
parameter).
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1.00 2.25 3.50 4.75 6.00 1.00 2.25 3.50 4.75 6.00

5.00 1.00 x . 5.00
4.00 0.999 1.75 2.50 3.25 4.00

Figure 4.40: Discontinuous and smoothed versions of phantoms.



4.6. Reconstructions of Smooth Inclusions 101

1.00 2.04 3.08 4.13 5.17 0.941 1.38 1.82 2.26 2.I70
[ [
(a) Sparsity, a« = 2-107°. (b) TV, 8 =6-10"%

1.00 1.91 281 3.72 4.I63 0.941 1.37 1.79 222 Z.Iﬁd
(c) Sparsity, a = 1076. (d) TV, B =6-10"%

1.00 240 3.79 5.19 6.59 0.992 1.42 1.85 228 271

(e) Sparsity, a = 3.5 - 107°. (f) TV, B3=6-10"%

Figure 4.41: Sparsity and TV reconstructions for smoothed phantoms in
Figure 4.40 on the preceding page.
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4.7 Reconstructions on a Non-Uniform Mesh

In the previous tests a very uniform mesh has been used, so now we shall see
how well sparsity and TV regularization performs on a very non-uniform
mesh. The reason for doing this, is because it may be useful to know if you
can modify the method such that you start out with a very coarse mesh, and
as you approximate your inclusion you refine your mesh near the inclusion,
such that you have a fine mesh at the inclusion and a coarse mesh outside
the support of the inclusion. It is an idea to reduce the computational
workload by only focusing on the area with the inclusion.

So first off, we need a non-uniform mesh, and I have constructed such a
mesh in Gmsh [32]| as can be seen in Figure 4.42, where the mesh is very
coarse in the top left part of the domain while it is more like the usual
uniform mesh towards the bottom right part of the domain. It is also seen
that the boundary of the mesh is non-uniformly distributed, which means

that this will give only few nodal points where the data is given in the top
left.
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(a) Uniform mesh. (b) Non-uniform mesh.

Figure 4.42: The usual uniform mesh along with the non-uniform mesh.

The reconstructions on the non-uniform mesh can be seen in Figure 4.43
through 4.45 on pages 103-105, and it is evident that TV regularization
performs very well on the non-uniform mesh, and of course slightly better in
Figure 4.45¢ where the mesh is finer. However, the reconstruction in Figure
4.43c¢ is actually quite good considering how coarse the mesh is. The sparsity
regularization is not performing very well, no matter where the inclusion is
positioned, and the solution is in general quite grainy. The graininess in the
sparsity solution is due to the different sizes of the triangles, as the penalty
term leads to a normalization from the FEM-basis functions in Theorem 4.1,
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so the different FEM-basis functions will be penalized differently depending
on the size of the elements.

4

1.00 2.25 3.50 4.75 6.00 1.00 1.92 2.83 3.75 4.67
[
(a) Phantom. (b) Sparsity.

0.948 1.25 1.55 1.86 216
(c) TV.

Figure 4.43: Sparsity and TV reconstruction on non-uniform mesh. o =
107% and B =6-10"%.

So for further research into these methods, a method that adaptively refines
the mesh near the inclusion should probably not be applied to sparsity
regularization, unless one finds a way to straighten out the solution on such
a mesh. TV regularization, however, seems very well fitted for adaptively
changing the mesh, and since the TV-regularization tends to use far more
iterations than sparsity regularization, it may be a good idea in order to
speed up the computations.
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1.00 2.25 3.50 4.75 6.00 0.672 1.98 3.29 4.60 5.91
[
(a) Phantom. (b) Sparsity.

(c) TV.

Figure 4.44: Sparsity and TV reconstruction on non-uniform mesh. a =
107% and B =6-10"%
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©

1.86 2.87

0.859 3.88 4.88
(a) Phantom. (b) Sparsity.

1.00 2.25 3.50 4.75 6.00

(c) TV.

Figure 4.45: Sparsity and TV reconstruction on non-uniform mesh. a =
107% and B8 =6-107%.
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4.8 Reconstructions Based on
Partial /Incomplete Data

Now we shall investigate the use of partial data, which means that we are
only able to measure data on part of the boundary I' C 0€2. This is very
relevant in practice, for instance in 3D medical imaging, since it is not very
practical to cover the entire patient with electrodes. Instead the electrodes
are for instance placed on the chest (i.e. for imaging the lungs), which
means that there is no data available in the cross-section of the body.

It was shown in (3.20) how the method is implemented to solve problems
using partial data, so it is assumed that I' is known and that the Neumann-
data has support on I'. The implementation can make use of any I' C 0f).
As Q) is the unit disk, then for the sake of this test we can simplify the
problem by letting I" be determined by the circular arc with polar angle
0 € [61,05], 0 < 0; < 0y < 2m. The corresponding Neumann-data that
will be used, are scaled and translated versions of (4.3) to ensure that the
Neumann-data have support in [0y, f2] while maintaining N oscillations:

2
GN = X[0,00](0) cos (9 _7T9 N — 6’1)> ,
2 (4.6)

. . 2
gy = X[91,92](6‘) sin T N@—6y) ).
0y — 01

Where the term xjg, 9,)(¢) is a characteristic function on [6;,6,]. By the
definition in (4.6) then it becomes equal to (4.3) for #; = 0 and 6, = 27. It
also satisfies the condition that | a0 9ds = 0.

From Figure 4.46 on the next page it is evident that even though the
Neumann-data is supported on [0, 6], this is generally not the case for
the Dirichlet-data ¢. Therefore there will be two different cases in the fol-
lowing tests, namely, using the complete data ¢ and the truncated data
¢ = X[6:,60)¢ Which is the more realistic case, i.e. that we only measure the
Dirichlet-data on [fy, 6] where we know the Neumann-data.

There will be two types of tests in this section, one looking at reconstruc-
tions with varying size of the interval [0}, 6] determining I'; and another
where ' is fixed and the location of the inclusion varies.
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1.0 ~

0.5

0.0

—0.5

-1.0

(a) g1 and g. (b) Corresponding ¢.

Figure 4.46: Neumann-data ¢g; and ¢; along with corresponding Dirichlet
data (no perturbations), with [0, 6,] = [5,7]. The phantom
used is from Figure 4.47.

Size of I

Here the size of the interval [0, 6s] that determines T" will be varied, and
we shall try to reconstruct the inclusion in Figure 4.47. In Figure 4.48 on
the next page is an illustration of the three cases of I' considered here.

1.00 2.25 . . 6.00

I
Figure 4.47: Phantom.

In Figure 4.49 on the following page the results are found using I' in Fig-
ure 4.48a on the next page. It is evident that the shape of the inclusion
is not reconstructed as well, as when (4.3) are used for the Neumann-data,
and not surprisingly the reconstruction using the complete data ¢ yields
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1.00 -5.798-07 0.250 0500 0.750 1.00

(a) [01,65] = [0, 7). (b) [01.02] = [Z.7). () [01,05] = [, 5.

Figure 4.48: Illustration of the location of I' in three cases.

better reconstructions than the incomplete data (/5 in terms of the contrast.
But with ' being half of 02 the results do not differ that much whether
full or partial Dirichlet-data are used. The most significant change is that
the shapes of the inclusions are not reconstructed as well when only partial

Neumann-data is applied.

1.00 217 3.33 450 5.67 1.00 2.09 3.19 4.28 5.37

(a) Sparsity using ¢, a« =5-1076. (b) Sparsity using ¢, o = 5 - 1075.

0.710 1.58 2.45 3.33 4.20 0.718 1.54 2.35 3.17 3.99

(c) TV using ¢, =15-1076. (d) TV using ¢, 8 =5-1075.

Figure 4.49: Sparsity and TV reconstruction with full data ¢ and partial
data ¢, using the partial Neumann-data in (4.6), where I is
given in Figure 4.48a.
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In Figure 4.50 we see the result using I' in Figure 4.48b on the preceding
page, and the shape of the inclusion is further warped. It is seen that the
part of the inclusion farthest away from I' is reconstructed much worse than
for full Neumann-data, and it is also that part of the inclusion where the
shape is warped the most. Intuitively this is what we could expect from
only using data on part of the boundary, namely, that the reconstruction
is better for the part of the inclusion which is closest to the data. These
results are further emphasized in Figure 4.51 on the following page where
I' now is given by Figure 4.48c on the preceding page and is indeed very
small. Here it is very evident that using the partial Dirichlet-data cﬁ gives
much worse results, and from Figure 4.51b that the reconstructed support

is much too small.

(a) Sparsity using ¢, o = 107", (b) Sparsity using b, =107,
0.652 1.45 225 3.04 3.84 0722 1.42 2.12 2.82 3.52
B
(c) TV using ¢, 8 = 1075. (d) TV using ¢, 8 = 1076,

Figure 4.50: Sparsity and TV reconstruction with full data ¢ and partial
data ¢, using the partial Neumann-data in (4.6), where I is
given in Figure 4.48b on the preceding page.

In general TV regularization is not performing very well with partial Neu-
mann-data, and the support is vastly overestimated. Sparsity regularization
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is performing much better in terms of finding the support as well as deter-
mining the contrast quite well considering the lack of data, even for partial
Dirichlet-data ¢A>, except in Figure 4.51b. It is also noticed that the regu-
larization parameters have to be reduced along with I" becoming smaller,
since the discrepancy term consists of an integral over a smaller domain,
and the balance between the discrepancy term and the penalty term needs

to be evened out.

1.00 1.53 2.05 258 3.10 1.00 1.27 1.53 1.80 2.07

(a) Sparsity using ¢, « =5-1078. (b) Sparsity using ¢, o = 5 - 1075.

0713 1.29 1.87 245 3.04 0.787 i1 1.44 1.76 2.09

(c) TV using ¢, 3 = 1076, (d) TV using é, B =1076.

Figure 4.51: Sparsity and TV reconstruction with full data ¢ and partial
data ¢, using the partial Neumann-data in (4.6), where I is
given in Figure 4.48c on page 108.
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Position of the Inclusion

Here we will use a fixed I' as shown in Figure 4.48b on page 108, and
reconstruct inclusions given by the three cases in Figure 4.52.

4

.25 3.50 600

1.00 2. 475

1.00 25 3.50 475 600 1.00 .25 3.50 475 600

— ——
(a) Case 1. (b) Case 2. (c) Case 3.

Figure 4.52: Phantoms in three cases.

From Figure 4.53 through 4.55 on pages 112-114 reconstruction are done
using the phantoms in Figure 4.52. Intuitively, the reconstructions are
better the closer they are to the Neumann-data, and that is certainly also
the case. However, when applying the full Dirichlet-data ¢ to the sparsity
regularization, we see that the reconstructions actually approximate the
support quite well (when considering the limited data), even in Figure 4.54
and Figure 4.55.

When only using the partial Dirichlet-data gg, the quality of the reconstruc-
tions rapidly decay as the inclusion is moved away from I'. In Figure 4.55b
and Figure 4.55d we see that these solutions do not at all resemble the
sought inclusion, and there are even some artefacts at the boundary of I' as
a result of the discontinuities in the Neumann-data via gy (see Figure 4.46
on page 107).

Thus we can conclude that in general TV regularization is less favoured
when it comes to the use of partial Neumann-data, even when full Dirichlet-
data is applied. Sparsity regularization performs quite well for partial
Neumann-data and to some degree also when partial Dirichlet-data are ap-
plied, however, in that case it should only be used to reconstruct inclusions
near ['.
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e

1.00 1.87 274 3.61 4.47 1.00 i.91 282 3.74 4.65
| |
(a) Sparsity using ¢, a = 107". (b) Sparsity using ¢, a = 1077,
0.720 1.43 214 284 3.55 0.743 1.36 1.97 259 3.I27
|

(c) TV using ¢, § = 10°. (d) TV using ¢, = 1075.

Figure 4.53: Sparsity and TV reconstruction of the inclusion in Fig-
ure 4.52a on the previous page with full data ¢ and partial
data ¢ using the partial Neumann-data in (4.6), where T is
given in Figure 4.48b on page 108.
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O

1.00 1.64 228 292 3.55 0.842 1.12 1.40 1.67 1.95

(a) Sparsity using ¢, a = 71078, (b) Sparsity using ¢, a = 1-107%.

0.687 1.19 1.6%9 2.19 2.6.9 0.778 0.989 1.20 1.41 1.62
(c) TV using ¢, = 1075. (d) TV using ¢, 8 =107

Figure 4.54: Sparsity and TV reconstruction of the inclusion in Fig-
ure 4.52b on page 111 with full data ¢ and partial data ¢
using the partial Neumann-data in (4.6), where I is given in

Figure 4.48b on page 108.
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O

0.983 1.28 1.58 1.88 iu 0.853 0.996 1.14 1.28 1.43

(a) Sparsity using ¢, a« = 7-1078. (b) Sparsity using ¢, o = 1-1075.

0.779 1.13 147 1.82 217 0.825 0.971 1.12 1.26 141
(c) TV using ¢, § = 10°. (d) TV using ¢, = 1075.

Figure 4.55: Sparsity and TV reconstruction of the inclusion in Fig-
ure 4.52c¢ on page 111 with full data ¢ and partial data ¢
using the partial Neumann-data in (4.6), where I is given in

Figure 4.48b on page 108.
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4.9 Reconstructions Based on Prior
Information

The title of this section is a bit misleading, since all the reconstructions
performed so far are based on prior information about the solution. This
is in the form of the bias that is introduced in the regularization, which for
sparsity regularization is that the solution is sparse in the chosen basis, and
for TV regularization that the solution is approximately piecewise constant.
Even the use of the Sobolev gradient V.J(o) (Corollary 3.5) uses the prior
information that the inclusion is zero on the boundary of the domain.

What is meant by the title of this section is the use of prior information
regarding the distinct basis functions used in sparsity regularization. In-
stead of using the same regularization parameter ay := «, Vk, we will now
scale the parameters for the basis functions based on prior information that
they are included in the basis expansion of the solution. One can scale each
basis function individually based on the precision of the prior information,
however, I make a simple case where

ap = Q. (4.7)

Here « is a parameter similar to what has been used so far, and for basis
functions with no prior information pu; := 1, i.e. they are penalized in the
usual way. But for basis functions where I have prior information, I will use
tr € [0,1) and thereby penalize these basis functions less, thus encouraging
the method to include them in the solution.

Since I use the FEM basis with the sparsity regularization, prior information
on the FEM basis functions corresponds to prior information on the support
of the inclusions (since each FEM basis function determines the support
near each nodal point). Thereby we can help the method by indicating
where the inclusion should be located, and the main goal is to be able to
get a very precise reconstruction of the contrast and hopefully also some
sharper edges in the reconstruction. Here it should be stressed that without
the use of prior information it is currently hopeless to get sharp edges in
EIT reconstruction.

There will be three different types of tests in this section, firstly we shall
look at the use of exact prior information of the support of the inclusions,
secondly we investigate the results when incomplete or completely false
prior information is applied. The third test will concern an idea I got dur-
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ing the tests, where I used TV regularization to approximate the support
of inclusions, and use this information as prior information in sparsity reg-
ularization.

Exact Prior Information

In the previous tests I have used phantoms, that can be applied to any grid.
However, to more easily see the result of the prior information that is applied
for the sparsity regularization, I instead show the phantoms projected onto
the coarse grid which is used in the iterative algorithm. For this reason the
true solution will be more jagged near the boundary of the inclusion due to
the size of the triangles in the mesh. Because it can be hard to determine
how well the edges in the reconstruction are determined, I have also included
plots of the difference between the true solutions and the reconstructions.

From Figure 4.57 on the next page and Figure 4.58 on page 118 we see the
same prior information used, but where the scaling of the prior information
in Figure 4.57 is p, = 1072 and in Figure 4.58 it is p = 0.5. Evidently
these results supports the intuition that a smaller penalty leads to a stronger
enforcement of the prior information. Furthermore, we see that the contrast
and support along with sharp edges are almost exactly reconstructed in
Figure 4.57.

3.5 .5
30 — prior support 30 — prior support
' — no prior support ' — no prior support
2.5 2.5
22.0 220
@ @
- 1.5 ~_L.5
= =
1.0 1.0
0.5¢ 0.5
0.0 : : : : ‘ : 0.0 : : : : ‘ :
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
iteration # iteration #

(a) Absolute L' error. (b) Absolute L? error.

Figure 4.56: Errors at different iterations, with and without the use of
prior information on the support for the case in Figure 4.57
on the facing page.

It is also evident from Figure 4.56 that using the exact prior information
for the support of the inclusion leads to a much faster convergence. The
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1.00 2.25 3.50 4.75 6.00 1.00 2.38 3.77 5.15 6.54
[
(a) True solution. (b) Reconstruction.

-0.538 0.259 1.06 1.85 2.65

(c) Difference.

Figure 4.57: Sparsity reconstruction using exact prior information. p; =
1072 for prior information, and ov = 2 - 1077,

methods do, however, keep going for quite a lot of iterations after the initial
convergence, without too much improvement.

In Figure 4.59 on page 119 reconstruction with partial data close to I' is
seen to also be reconstructed very successfully. However, in Figure 4.60 on
page 120 it is also seen that even exact prior information for the support
can not remedy the use of partial data when the inclusion is not close to
I', and it seems like there is not much that can be done to further improve
that case.

We saw in Section 4.5 on page 94 how difficult multiple inclusions with
different amplitudes and ring-type inclusion are to reconstruct, so it is very
satisfying to see how well they can be reconstructed using prior information
in Figure 4.61 through 4.63 on pages 121-123. The support is correctly
determined and the contrast is quite close, and correctly distributed in the
cases with multiple inclusions. It is still a little hard to reconstruct the
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1.00 2.25 3.50 4.75 6.00 1.00 2.60 4.20 5.81 741
[
(a) True solution. (b) Reconstruction.

-141 0.193 1.80 3.40 5.00

(c) Difference.

Figure 4.58: Sparsity reconstruction using exact prior information. p; =
0.5 for prior information, and o = 2 - 1075.

correct contrast for the ring-type inclusion, however, it is vastly improved.

Finally I have tried to use prior information on the non-uniform mesh in
Figure 4.64 on page 124, and while it does remove some of the grain from
the solution compared to Figure 4.43b on page 103, it is still not desirable
to properly use this algorithm on a non-uniform mesh when considering
that the exact support is known.

Comparing with the previous tests, it is quite evident how powerful prior
information can be in determining better solutions. However, in this case
exact prior information was applied, and it is rare that we in practice know
precisely where the support of an inclusion is located.
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[
(a) True solution. (b) Reconstruction.

-0.108 0.473 1.05 1.64 222

(c) Difference.

Figure 4.59: Sparsity reconstruction for partial Neumann- and Dirichlet-
data corresponding with Figure 4.53b on page 112. Exact
prior information is applied. j;; = 10~2 for prior information,
and a = 1077,
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1.00 2.25 3.50 4.75 6.00 0.852 1.19 1.53 1.87 221
[
(a) True solution. (b) Reconstruction.

-0.728 0.567 1.86 3.16 4.45

(c) Difference.

Figure 4.60: Sparsity reconstruction for partial Neumann- and Dirichlet-
data corresponding with Figure 4.54b on page 113. Exact
prior information is applied. j;; = 10~2 for prior information,
and o = 1075,
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1.00 1.75 250 3.25 1.00 1.92 2.84 3.77

4.00 4.69
a a

(a) True solution. (b) Reconstruction.

-0.688 -0.167 0.354 0.875 1.40

(c) Difference.

Figure 4.61: Sparsity reconstruction using exact prior information. p; =
10~2 for prior information, and o = 1075,
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1.00 2.00 3.00 4.00 5.00 1.00 1.99 2.98 3.97 4.96
L | |
(a) True solution. (b) Reconstruction.

-0.431 -0.0165 0.398 0.812 1.23

(c) Difference.

Figure 4.62: Sparsity reconstruction using exact prior information. p; =
10~2 for prior information, and o = 1075,
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.00 5.00 -1

3.00 4. 00 7.00 264 3.78 4.93 6.08 7.23
I . I .
(a) True solution. (b) Reconstruction.

-0.677 -0.336 0.00470 0.346 0.686

(c) Difference.

Figure 4.63: Sparsity reconstruction using exact prior information. p; =
1072 for prior information, and o = 1077,
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1.00 2.25 3.50 4.75 6.00 0.984 1.96 2.95 3.93 4.91
[ | |
(a) True solution. (b) Reconstruction.

9

-1.57 -0.287 0.999 228 3.57

(c) Difference.

Figure 4.64: Sparsity reconstruction on a non-uniform mesh correspond-
ing with Figure 4.43b on page 103. Exact prior information
is applied. p;, = 1072 for prior information, and o = 1076,
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Incomplete or False Prior Information

Now let’s investigate some cases where the applied prior information is
either partially correct or false. To illustrate the applied prior information,
I have marked an outline with a green color on the plots of the phantoms in
the following figures, and everything contained within this outline (including
the width of the outline itself) is assumed to be the support of the inclusion.

From Figure 4.65 it is quite evident that even though the prior information
that is given is correct, i.e. the inclusion is non-zero in the given location,
the reconstruction is characterized with only having an inclusion where the
prior information is given, furthermore, the contrast is exceptionally large
in the reconstruction. To give an intuitive explanation of this phenomenon,
we can refer to Section 2.1 on page 14 where we saw for the concentric case
that smaller support and larger contrast can give similar Dirichlet-data
as larger support and smaller contrast. The bias introduced by the prior
information for the too small support may have lead to a local minimum in
the objective function where the Dirichlet-data is sufficiently similar using
the small support and the large contrast.

S 4

1.00 2.25 3.50 4.75 6.00 1.00 264 51.9 77.3 103.
B
(a) Phantom and prior outline. (b) Reconstruction.

Figure 4.65: Sparsity regularization using prior information with correct
centre, but too small support. u; = 1072 for prior informa-
tion, and o = 2 - 107°.

In Figure 4.66 on the next page we see that assuming that the support is
larger than it really is, we actually get a reconstruction very similar to what
we got without the explicit use of prior information on the support. The
contrast is better reconstructed than without the explicit prior information,
but otherwise not much of an improvement. It is also evident, that in this
case we do not see the prior information being enforced as heavily as in
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Figure 4.65, since the support is not reconstructed larger than the actual
phantom, and we again get the smoother transition near the boundary of
the inclusion as we saw in earlier tests.

4

S 4

1.00 2.25 3.50 4.78 6.00 1.00 2.35 3.70 5.06 641
[
(a) Phantom and prior outline. (b) Reconstruction.

Figure 4.66: Sparsity regularization using prior information with correct
centre, but too large support. u; = 1072 for prior informa-
tion, and av = 2 - 107°.

For Figure 4.67 on the facing page and Figure 4.68 on page 128 the size
of the support is correct, however, the centre of the inclusion is assumed
to be shifted. In both cases we see a much too larger contrast, and the
contrast is largest in the direction of where the true inclusion is supposed
to be. In Figure 4.67 there is an overlap between the prior information and
the phantom, and it is also evident that the majority of the reconstructed
inclusion lies in this overlap.

For Figure 4.68b there is a small inclusion where the true inclusion is sup-
posed to be, but the prior information is applied even if it is completely
false and the main part of the reconstruction lies where the prior informa-
tion was prescribed, however, with the contrast pointing in the direction of
the true phantom. Increasing the scaling py to 0.5 for the prior informa-
tion in Figure 4.68c on page 128 improves the result slightly, but increasing
i to 0.9 for the prior information gives a much better result, as seen in
Figure 4.68d on page 128. This again follows the intuition that the prior
information is enforced according to how low the scaling p, is.

Thus it can be concluded that the use of prior information in this way
can be extremely powerful in determining a better solution that also has
sharp edges reconstructed. However, if the prior information is incorrect,
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1.00 2.25 3.50 4.75 6.00 -3.24 7.03 17.3 27.6 37.8

(a) Phantom and prior outline. (b) Reconstruction.

Figure 4.67: Sparsity regularization using prior information with correct
size of inclusion, but with wrong centre, and with overlap
between phantom and prior information. g, = 1072 for prior
information, and o = 2 - 107°.

the method tends to apply the prior information anyway, which can lead
to worse reconstructions compared to when no prior information on the
support is used. Therefore using prior information in this way, one should
probably always also make a reconstruction with no prior information on
the support as a sanity check of whether the result makes sense. Further-
more, estimating the support slightly larger yields much better results than
estimating the support too small, and it can be used without too much
risk. Finally, we should always scale the prior information according to the
correctness of the prior information, i.e. for well-determined prior informa-
tion we can allow a small u; to enforce the prior information, while prior
information with only doubtful precision we should have p; close to 1 to
avoid the above cases.

We may also observe that using false prior information can lead to situation
where many iterations are used, and sometimes many very small step sizes
are applied as seen in Figure 4.69 on page 129.



128 4. Numerical Experiments Using the Finite Element Method

S

1.00 2.25 3.50 4.75 6.00 -0.253 3.23 6.72 10.2 13.7
[ [
(a) Phantom and prior outline. (b) px = 1072 for prior information.

1.00 4.27 7.55 10.8 14.1 1.00 1.92 2.84 3.76 4.68

(c) px = 0.5 for prior information. (d) pr = 0.9 for prior information.

Figure 4.68: Sparsity regularization using prior information with correct
size of inclusion, but with wrong centre, and with no overlap
between phantom and prior information. o = 2 - 1075.
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Figure 4.69: Step sizes in the iterations for the above four tests compared
to a similar reconstruction using no prior information on the
support.
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Combining TV and Sparsity Regularization

As we saw in the previous tests on the use of false prior information, a
slightly larger support is preferable to a too small support in the applied
prior information. We have also seen how TV regularization in many cases
estimates the support of the inclusions quite well, yet lacks the contrast
from sparsity regularization. Therefore I got the idea of making a simple
experiment by estimating the support using TV regularization and use this
as prior information in the sparsity regularization. In this way we actually
do not make use of any explicit assumptions on the location of the support,
because this information is gained from the TV regularization.

To get the prior information from the TV reconstruction ory, I have used
the cases with positive inclusions, and given a parameter £ € (0, 1) then the
prior information in terms of yy is approximated by:

{1, orv(@k) < Ellorvl e,
HE -=

) (4.8)
1072, orv(wg) > gHUTVHLOO(Q)’

where {x;} are the nodal points. This means that large values in the
reconstruction from TV regularization leads to a penalty with oy, = 10~ 2a,
while small values in the TV reconstructions leads to the usual penalization
o = (.

In Figure 4.70 on the next page we see the usual sparsity and TV solutions
along with the prior information extracted from TV regularization, and fi-
nally the solution using the prior information. The result first of all has
sharp edges and the support is quite well reconstructed, and the contrast
is quite well reconstructed as well except at the bottom right part of the
inclusion where the contrast was overestimated. In this way we have actu-
ally achieved a better reconstruction, without actually having more initial
information about the solution.

Figure 4.71 on page 132 shows the case with multiple inclusions, and first
of all it is noticed that the smallest inclusion is not determined well with
the TV regularization. From the final reconstruction using the prior infor-
mation from the TV reconstruction, it is observed that the two inclusion
found by TV regularization are reconstructed quite well and with sharp
edges and a better distribution of the contrast compared to the usual spar-
sity reconstruction. The small inclusion that was undetectable by the TV
reconstruction was of course not as well reconstructed since no prior infor-
mation was applied at that location. However, there is still an inclusion
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1.00 2.25 3.50 4.75 6.00 1.00 2.16 3.32 4.48 5.64
[ .
(a) True solution. (b) sparsity.

0.935 1.44 1.94 244 2.94 0.0100 0.258 0.505 0.752 1.00
[
(c) TV. (d) Prior info from TV with £ = 0.65.
1.00 2.63 4.26 5.89 752

(e) Sparsity with prior from TV.

Figure 4.70: Sparsity regularization using prior information on the sup-
port of the inclusion based on TV reconstruction. a =
2-107°.

reconstructed but it is not as good as the usual sparsity reconstruction. So
in this case we get a trade off in this sense of getting better reconstruc-
tions of the two larger inclusions and a worse reconstruction of the small
inclusion.



132 4. Numerical Experiments Using the Finite Element Method

1.00 2.00 3.00 4.00 5.00 1.00 1.86 271 3.57 4.43
[ . i | [ . i |
(a) True solution. (b) sparsity.

0.942 1.37 1.80 224 2.67 0.0100 0.258 0.505 0.752 1.00
L
(c) TV. (d) Prior info from TV with £ = 0.5.

1.00 2.02 3.04 4.06 5.08

(e) Sparsity with prior from TV.

Figure 4.71: Sparsity regularization using prior information on the sup-
port of the inclusion based on TV reconstruction. o = 1076,

One could consider maybe using both sparsity and TV regularization to get
an idea of the support of the inclusions, which would also include the small
inclusion in this case. One may also look into a more sophisticated way of
attaining the prior information from the TV reconstruction rather than a
simple threshold.



4.9. Reconstructions Based on Prior Information 133

It should also be noted that there are likely better and faster methods than
TV regularization to get an estimate of the support of an inclusion.






H

Discussion

In this chapter there will be a short discussion on ideas and further inter-
esting ways one could continue investigating these methods beyond what
was presented in this thesis.

The first subject I would like to discuss is the use of a different basis than the
FEM basis, because as seen in Theorem 3.12, we could use any orthogonal
basis for Hj(€2) (orthogonal in the H'-metric). So the question is what
kinds of properties that can be extracted by having a sparse representation
from a different basis. Take for instance a wavelet basis for L?*(2) for
which we could emphasize the small scales of the solution, and in that way
emphasize discontinuities. Though it is not completely clear if there are
similar orthonormal bases for H} ().

When speaking of promoting discontinuities in the solution, then TV seemed
like a good candidate, however, as we have seen in Chapter 4 the contrast is
severely reduced by the bias introduced from the regularization. An inter-
esting idea would be to combine sparsity and TV regularization, such that
we had the objective function

Y(60) = J(0g + 60) + Ra1(00) + BPrv .(d0).

Hopefully, the sparsity regularization could help the TV regularization ob-
tain the correct contrast, and that TV regularization could help the sparsity
regularization near the boundary of the inclusion, such that we get a piece-
wise constant inclusion with the correct contrast. However, it may also turn
out that the two regularization techniques hopelessly counter each other,
and due to multiple bias for the different regularizations we get something
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worse than either sparsity or TV regularization alone, something that is
simply too difficult to predict without actually trying it out.

Another interesting idea, would be whether the sparsity regularization pa-
rameters could be changed adaptively, i.e. that in each iteration we could
change the parameters based on how the current iterate looks, and for in-
stance emphasize the nodes where the iterate has larger values. In that
way we could automatically approximate the support of the solution with-
out explicitly giving prior information about the location of the support.
This leads to several questions, where probably the most important one is
whether the problem is even well-defined, since now we deal with an opti-
mization problem where the objective function changes in each iteration,
and is this even possible to solve? It would definitely put a stop to the
use of the weak monotonicity in its current form (Definition 3.7) because
we would no longer be able to compare the objective function between dif-
ferent iterations. Instead this may be achieved by saving the most recent
iterates {00y }i_; 5.1, and then compare with the new objective function
U, computed for the previous iterates:

T 2
V;(00i41) < amax W;(do;) — 2—Si||50i+1 — 00310

Another way to get an adaptive method would be to start out with a very
coarse mesh and then refine it in each iteration near where the inclusion is
non-zero, such that we in the end get a very fine mesh near the support of the
inclusion, and a coarse mesh where the inclusion is zero. This is actually
a well understood technique that has been used in other applications to
for instance speed up computationally tough problems. However, in this
particular problem we again arrive at the notion that we have to change
the regularization parameter in each iteration, since the sparsity penalty
term depends a lot on the discretization and how many nodes that are
present in the mesh. So in this case we would also have to solve the issues
with changing the objective function in each iteration. Furthermore, as seen
in Section 4.7 on page 102 sparsity regularization performs very poorly on
non-uniform mesh, so adaptively refining the mesh locally is probably not a
good idea in the method’s current state. However, for TV regularization it
was evident in Section 4.7 that it performs quite well on non-uniform mesh,
and there will not be problems with the regularization parameter if the
mesh is altered. TV regularization also tends to use far more iterations than
sparsity regularization, so reducing the computational burden by initially
using a coarse mesh could significantly improve the speed of the method.
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The above discussions leads to a new subject, namely, how we can generalize
the sparsity regularization parameter such that a good choice of a parameter
on one mesh translates to a similarly good parameter on a finer/coarser
mesh. The idea would be to have a specific choice of the parameter, and
then scale it depending on the number of nodes in the mesh or the average
size of the elements. It is a highly undesirable quality of the FEM basis
that the regularization parameters depends so much on the mesh, and not
only on the actual problem. Therefore a good and simple way to generalize
this dependency will greatly help the method become more transparent and
easy to apply. I suppose that it would also help in regards of determining
an automated approach in finding a good regularization parameter.

Now one of the more interesting subjects is the use of prior information to
help solve the problem. My initial idea would be to use a fixed parameter
« for the sparsity regularization when no prior information is known, and
then scale it down depending on the quality of the prior information to
penalize it less, i.e.

Qg = U

Here 0 < p, < 1 (and possibly a larger lower bound to avoid getting to close
to 0) will control how the specific basis function should be penalized. For
prior information that is not well-determined we should have py close to 1
such that it is close to no prior information at all. If the prior information
is very well-determined i.e. we are almost completely sure that the prior
information is true, then we can have p; become close to the lower bound
to penalize the basis function less and therefore promote it in the solution.
Again this very practical approach leads to a very difficult question: How
can we quantify how well-determined prior information is? It surely depends
on what type of prior information we talk about i.e. what basis that is used
in the sparsity regularization. Another question is also to what degree it
actually makes sense to use the prior information, for instance if we aim
to use EIT for medical imaging, then it would be doctors who need to
interpret the reconstructions, and using some prior information may bias
the reconstruction in a way that other important details are less apparent
or completely gone from the reconstruction.

Finally, it should be noted that the use of prior information in the sparsity
regularization can easily be translated to other problems than EIT, as it
simply depends on changing the discrepancy term for the actual problem
and choosing an appropriate basis. While the ¢;-penalty term is commonly
used, it would be interesting to see some new sparsity based methods using
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interesting bases to promote characteristic properties in otherwise difficult
problems, by applying explicit prior information about the basis functions.
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Conclusion

I have been investigating the results from Jin and Maass [8], Jin et al. [9] in
great detail, and provided several proofs that were omitted in the articles.
I have furthermore been skeptical towards some of the more heuristic argu-
ments in the articles and provided more rigorous arguments that actually
alters the method slightly. In particular in terms of the step size in Corol-
lary 3.6, the normalization that occurs in the sparsity steps in Theorem
3.12, and the entire result of Theorem 4.1 by using the properties of the
FEM basis to derive an approximate solution rather than simply assume
that the FEM basis is orthonormal (and a basis for Hj()), which is far
from the truth.

Many of the results had not been proved and only some were stated in Jin
and Maass [8], Jin et al. [9], including all the results in the first part of
Chapter 2, and all the results in Chapter 3 and Chapter 4. All the results
regarding total variation regularization were done from scratch. As for the
results in Section 2.2 I have greatly expanded on the details of the proofs,
as details were very sparse and it was implied that the reader should fill
out the gaps. I have also expanded on the theory that was presented in Jin
and Maass [8], Jin et al. |9] by generalizing the use of several regularization
parameters in sparsity regularization.

I got the idea of using a regularization parameter for each basis function in
order to apply explicit prior information to include specific basis functions
in the solution. This was in practice applied via the FEM basis to give prior
information on the support of inclusions, and provided correct prior infor-
mation this leads to exceptionally good reconstructions, something that is
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not possible to do with EIT without the use of prior information. I have
also had the idea to combine total variation regularization and sparsity
regularization, thus improving solutions without the use of further prior
information, by simply applying the solution from total variation regular-
ization to determine an approximation to the support for the inclusions.
Furthermore, I have generalized the methods to allow for the use of partial
data, something that in general always will be the case for practical 3D
reconstructions of the human body.

I touched on many advanced topics during the thesis, including weak formu-
lations of PDE’s, Gateaux and Fréchet derivatives and their use in Taylor
expansions as well as their use in gradient descend methods. I have also
been introduced to sparsity and total variation regularization, and their
respective strengths and weaknesses.

I have also successfully implemented both the sparsity and total variation
regularization for EIT, which includes solving multiple PDE’s numerically.
Furthermore, I have formulated the forward problem via (2.13), such that
it easily can be implemented using the space H'(Q) instead of H'(Q). The
implementation has been done in the programming language Python us-
ing the software package FEniCS [31], both of which I have had no prior
experience with. It was observed that sparsity regularization does indeed
attempt to find a solution which is sparse in the applied basis, here the
FEM basis. The total variation regularization attempts to find a solution
that is constant at the location of the inclusion, however, it does turn out
that the transition at the boundary of the inclusion is not discontinuous in
the solution but rather smooth. The smooth transition is most likely due
to the use of the smoother gradient via the Sobolev gradient V,.J(o), how-
ever, the use of this gradient also ensured the stability near the boundary,
by enforcing that the solution equals the background conductivity on the
boundary.

I have also programmed many different tests to thoroughly investigate the
properties of the solutions in different scenarios, including different sizes of
inclusions with different amplitudes, and observed how the reconstruction
is affected by the distance of the inclusion to the boundary of the domain.
Using uniform and non-uniform mesh it was observed how badly sparsity
regularization performs on the non-uniform mesh while total variation reg-
ularization is almost indifferent. It was seen that sparsity regularization in
general performs best on reconstructing the contrast, while total variation
regularization performs slightly better for reconstructing the support. For
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partial data it was seen that sparsity regularization performs quite well, as
long as there are data near the inclusion, while total variation regularization
vastly overestimates the support.

For the use of explicit prior information of the support of the inclusions, it
was possible to make near-perfect reconstructions with sparsity regulariza-
tion when exact information was provided. However, it was also seen how
unstable the solution is towards false prior information, and the scaling
of the regularization parameters must therefore in practice be determined
from the precision of the prior information, i.e. how sure we are that the
prior information is correct. By using total variation to determine an ap-
proximation to the support of inclusions in the solution, it was used as prior
information in sparsity regularization, giving a good approximation to the
support in the sparsity solution, but it also improved the contrast of the
solution significantly. I have also discussed the possibility of having both
sparsity and total variation penalty terms in the objective function for the
optimization problem, however, that is beyond the scope of this thesis but
still an interesting idea to maybe be able to simultaneously approximate
the contrast and the support well.






Appendix A

Multi-Index Notation

In many situations in R? it becomes clumsy to write things out completely,
and a more compact notation such as multi-index can help out. A multi-
index is a d-tuple a = (ay,aq,...,a4) where o; € Ny := NU {0}, j =
1,2,...,d. One may write that o € Ny i.e. the d — 1 Cartesian products
of Ny. The following shows how multi-index notation is used:

d
|a] ::Zaj, (A1)
j=1

d
al = Haj!, (A.2)
j=1

d
= Hx?j, x € R", (A.3)
j=1
0% : o o 0 (A.4)

R
There is also a version of the product rule for differentiation in terms of the
multi-index [21]:
o al
*(fg) = ) W(aﬁf)(mg), (A5)
Bty=a

where 8 and 7 are multi-indices.






Appendix B

Sobolev Spaces

This chapter will mainly be a set of definitions and results taken from
Adams and Fournier [15]|, Evans [20], and will be used as reference for the
notation and definitions of many of the spaces in this report, as they are
instrumental in determining the more general weak solutions to a PDE. In
the following it is assumed that € is an open subset of R¢.

It should be noted that there is a bijection between a subspace V' of the space
of distributions D’(€) and the space L .(2) of locally integrable functions
[21], given by

(f.6) == /Q fédz, ¢ e C(Q),

where f on the right hand-side is a function f € L{ () and on the left
hand-side we have the dual pairing of the corresponding distribution f € V'
and the test function ¢ € C2°(£2). Due to the identification of the spaces V'
and L () it is common to use the same symbol for the function and the

corresponding distribution.

Definition B.1 (Weak Derivative) A weak derivative is another name
for the distribution derivative, but for functions in Li (). So the a’th
weak partial derivative of u € L (Q) is (if it exists) the unique function
v € LL () satisfying

loc

/uaagbdx: (—1)|a|/vgbdx, Vo € C(Q),
Q Q

and we write v = 0%u.
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It should be noted that such terms as bijection between V and L}, (©), and
uniqueness of a weak derivative, is up to a set of measure zero. However,
there is no loss of generality in omitting this detail, since the LP-spaces and
L} .(Q) in reality consists of equivalence classes of functions that are equal
up to a set of measure zero, and writing f € L} () it is understood that

f € [f] with [f] being such an equivalence class.

Definition B.2 (Sobolev Spaces W*P) The Sobolev spaces are defined
as follows

WEP(Q) := {u € LP(Q) | 0%u € LP(Q), V|a| <k}, k € No,p € [1,00].

The WFP-spaces are often equipped with the following norms for which they
become Banach spaces,

( 1/p
Z HaauHip(Q) , pE [1, oo),
||u||W1,p(Q) =< \lal<k
Z HaauHLw(Q)a P = 00.
\ | <k

For p = 2 one usually writes H*(Q) := W*2(Q) and these spaces are Hilbert
spaces when equipped with the inner product

(U, v) iy == Z (0%, 0%) 12y, u,V € H*(Q).

la|<k

In the case of H'(Q) where there is no hint of mixed derivatives, one may
write the inner product as

(u, U>H1(Q) = <U7U>L2(Q) + <vu7vU>L2(Q)7 u,v € H'(Q),

where (Vu, V)5 = Jo Vu - Vodz. One can then write Hu||?{1(m =

2 2
[ullz2(q) + IVullz2q)-

Definition B.3 (Wg*?) The spaces WEP(Q) are defined as the closure of
Ceo(€2) in the ||[lyyn.pq)-norm.

Similarly we write HE(Q) := W5?(Q).
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Theorem B.4 (Trace Theorem) Assume that Q0 is open and bounded
and 0N is C, then there exists a bounded linear operator T : W'P(Q) —
LP(0R2) such that

(i) Tu = ulaq if u € WH(Q) N C(Q).

(ii) 1Tull o0y < Cllullyrngy: Yu € WHP(Q), where C' only depends on
p and 2.

Using the trace theorem the VVO1 P(€))-spaces can be characterized in the
following way, assuming that €2 satisfies the assumptions.

Theorem B.5 (Characterization of Wy*) Assume that Q is open and
bounded and O is C' then

Wy (Q) = {u € WH(Q) | Tu = 0}.

From Theorem B.4 it is evident that T(W'P(Q)) C LP(99Q), however, it
turns out that 7' is not surjective, thus it may be convenient to name the
range of T

Definition B.6 (W/2P) Assume € is open and bounded and 02 is C*,
then WY/2k(0Q) is defined as

W22(90) == T(W'2(Q)).
A norm on the WY/?P(9Q) space could for instance be

HUHWUM(aQ) = inf{”UHWLp(Q) | v e WH(Q), Tv=u}.

Once again we write H'/2(0Q) := W1/22(9Q).

The continuous duals of the Sobolev spaces are often used when solving
PDE’s for instance when applying the Lax-Milgram theorem (Theorem
C.3), therefore the continuous duals have a special notation.

Definition B.7 The continuous dual spaces of the Sobolev spaces are an-
notated as follows:

W=RP(Q) = (WIP(Q)), k€ Ny,
W-Y2P(90) .= (WY2P(90)).
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As one might expect we write H*(Q) := W%%(Q) and H-'/2(0Q) :=
W122(0Q).

B.1 Inequalities and Imbeddings
First let’s define an imbedding.

Definition B.8 (Imbedding) Let X and Y be normed spaces, then we
say that X 1s imbedded in Y and write X — Y if the following holds

(i) X is a subspace of Y,

(i) the inclusion operator v : X — Y that maps tx = x, Vo € X is
continuous or equivalently (as v is linear) bounded.

The following version of the Sobolev imbedding theorem is taken from
Adams and Fournier [15]. It should be noted that in Adams and Fournier
[15] a requirement for the Sobolev imbedding theorem is that the domain
() satisfies the so called cone condition, however, it is later remarked that if
Q) is bounded then it is sufficient that €2 is a Lipschitz domain. However in

order to stay on topic I have opted to use the less general assumption that
Q is bounded and has C' boundary.

Theorem B.9 (Sobolev Imbedding Theorem)
Let Q2 be an open bounded domain in R? with C* boundary, and let 1 < p <
00, then the following imbeddings apply.

(i) If k < % then
WEP(Q) < LU(Q), p < ¢ < dp/(d— kp).
(i1) [fk>% orifk=d and p =1 then
WEP(Q) — LUQ), p<q< oo

(iii) If k = ¢ then
WEP(Q) — L(Q), p<q<oo.
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If WFP s substituted with Wég’p then Q can be an arbitrary domain in RY.
The operator norm ||| for the inclusion operator only depends on 2, d, k,
p, and q.

Holder’s inequality is well-known and can often be quite helpful, however,
the following generalized Holder’s inequality will prove to be very useful
when investigating the continuity and differentiability of the forward map
for EIT.

Theorem B.10 (Generalized Hélder’s Inequality) Letm € N andr €
[1,00), and let p; € [1,00], j=1,2,...,m such that

> l = % (B.1)

where 1% is identified with 0 if p; = oco. For u; € LP(Q)), j=1,2,....,m
and u = [[i_, u; then u € L7(2) and

m
lull - () H il s ()

Proof. Firstly the p;’s are ordered such that p; < p, < --- < p,,. The
proof will be by induction, and since the case m =1 is trivial i.e. p,, =,
it is assumed that m > 2. For simplicity the L?(£2)-norm is denoted |- ..

Case 1: p,, = ©

3
—
—_
=

Since p,,, = oo then Zj;l b T Pulling the esssup,cq|um(x)| outside
T wsll, yields

m m—1 m—1
LTl < Ll bomte = DLl sy Bl B2
J= J= J=

J=1 p;

Case 2: p,, < ©

Due to the ordering of the p;’s then pi,ps, ..., pm—1 < 00 S0 p,, > 7 in order
for (B.1) to hold, i.e. p,, € (1,00). Now define

. Pm . DPm
pi= ;o qi=
Pm —T r
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So as p,, € (1,00) and p,, > r then p,q € (1,00) and %—I—% = 11i.e. the
usual Holder’s inequality can be applied:

m m—1 m—1
I Tl = LT sl el < T T sl 1 ]I
7j=1 7j=1 7j=1

thus
m—1 m—1 m—1
rnl/r rnl/r
ITT will, < LT ol 1 o112 = T T sl lln - (B.3)
j=1 j=1 j=1
mT m—1
As qr = py and as pr = Pet = 1/(2 - zﬁ) =1/ pij) then (B.3)
becomes

m—1 m—1
1 < : mll B.4
Tl < ITT ol syl (B4)

Jj=1 p;

So in both cases we get (B.2) and (B.4), thus by induction of this equation
m — 1 times yields

m—1 m
ITT wille < Nl lm—ill,, sl el = T, (B.5)
j=1 J=1

thereby proving the theorem. O

Now we can easily prove the following theorem.

Theorem B.11 Let Q2 be bounded, then LP*(Q) — LP(Q) for any 1 <
p < py < 00, and ||t|| depends only on py,pe and Q.

Proof. The case p; = po is trivial so let p; < py such that p; € [1,00)
and ps € (p1,00]. Now define p3 € [1,00) such that ’p% = p% + pig. Now let
u € LP?(§2) then by Theorem B.10

1
lall s @y = e~ Loy < Neall gy 1Ll 2oy = 19472 Ntll oy < 00
where |€2| is the Lebesgue measure of €2, which is finite as 2 is bounded. As
u € LP?(Q) was arbitrary then LP2(2) C LP*(Q2). The inclusion is bounded
with [Jof| < QY7 = Q""" and equality is achieved for v = 1 on €,
ie. ||| = Q)PP O

Theorem B.12 Let Q be bounded, then WH5P2(Q) — WHFPL(Q) for any
1 <p; <py < o0, and ||t|| depends only on k, p1, p2 and <.
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Proof. As in the proof of Theorem B.11 the case p; = po is trivial, so
initially assume that p; < ps < co. Instead of working with the norm
defined in Definition B.2 we introduce the following equivalent norm®,

lallrny = D 10%ullpoigys u € WH().
la|<k
So by use of Theorem B.11 let u € Wk»2(Q),
||u||Wk’P1(Q) < Cl||u||§4/k7p1(g) = Z ||aau||LP1(Q) <G Z CaHaaUHLpz(Qy
o<k o <k
so by letting €5 := C maxy<; Co then
Huuwkm(n) < Z HaaUHLm(Q) = CQHUHQ/V’WQ(Q) < C3HuHW’“!P2(Q)'
| <k

Now consider the case p; < py = 00, then we can use almost the same
approach as above:

||uHW’“vP1(Q) <Ci Z Haau“LPl(Q) <Gy Z ||aau||L°°(Q) = C2|’U||ka<x>(§z)'

o] <k || <k

O

The following version of Poincaré’s inequality is not the most common one,
since the term ug is usually equal to ug = |Q| " Jq udz, ie. the average of
u over {2, however the following version will be more useful in this report
as we will deal with situations where f a0 Tuds = 0.

Theorem B.13 (Poincaré’s Inequality) Let Q be a bounded connected
open subset of R with 0Q being C'. Let p € [1,00] then there exists a
constant C' > 0 depending only on d,p and €2, such that

Ju — UQHLP(Q) < CHVUHLP(Q)’ Yu € WH(Q), (B.6)
where ug == |09 Joq Tuds.

Proof. Let u € W'(Q) and let uq := |0Q| " [,, Tuds. The proof will
be by contradiction, so assume that (B.6) is not true, then there exists a
sequence {uy }reny C WP(Q) satisfying

[Jur — (uk)QHLP(Q) > k”vukHLP(Q)? ke N. (B.7)

en.wikipedia.org/wiki/Sobolev _space

1
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Now define

o = U — (Uk)ﬂ
lur = (wr)ell Lo o)

Then we have [|vg|[ 1) =1, k €N, and

1

e = (el e

(Uk)ﬂ

Furthermore, by (B.7) then

IVl ooy = ||V -
P Juk = (i)l ooy llun = (i)l o

IV ||LP(Q)

= , keN.
lug = (i)l oy K

By the remark on p. 289 in Evans [20] there exists a subsequence {vg, } jen
{vr}ren and v € LP(Q) such that lim; o0 [|og; — ][ s ) = 0, thus [[v]| 1,

() — 109 09 (up)a) = 0, k€ N. (B.8)

)

Lr(Q)

(B.9)

1N

1 and by (B.9) then [[Vul|,,q) =0, ie. v € WhP(Q). Thus Vo = 0 a.e.,

so v = C a.e. for some constant C.

Due to the trace theorem (Theorem B.4) then Tv = C' since v := C' equals
v almost everywhere. By (B.8) then vg = 0 which implies that C' = 0 so

v =0 a.e. which is a contradiction with [|v[| ) = 1.

U



Appendix C

Various Theorems and Lemmas

The following two identities, also known as Green’s first and second identity;,
are part of any introductory PDE book with respect for itself for instance
Asmar [16], Strauss [30] or Evans [20], however, the slightly more general
version presented in Theorem C.2 of the second Green’s identity is usually

shown with e = 1, however, it is a simple corollary to the divergence theorem
on the field F' = 1YeV ¢ — ¢peV.

Theorem C.1 (Green’s First Identity) Let Q) be a connected region in
R? with outwards pointing normal n, let ¢ € C*(Q) and ¢ € C1(Q) then

/(¢v2¢+w -Vo)dr = w%ds.
Q a0 On

Theorem C.2 (Green’s Second Identity) Let Q be a connected region
in R with outwards pointing normal n, let ¢,v € C*(Q) and ¢ € CH(Q)
then

/Q [V - (V) = ¢V - (V)] dx = ]{m € (@D% - qbg—:f) ds.

The following theorem is a fundamental, but very powerful result from
functional analysis.

Theorem C.3 (Lax-Milgram Theorem) Let H be a Hilbert space with
norm ||-||, let B : H x H — R be bilinear, and let L € H' (where H' is the
continuous dual space of H ). Assume that there exists constants Cp,Cy > 0
such that



154 Appendix C. Various Theorems and Lemmas

(i) |B(u, )] < Cillul[joll, Vu,ve H,
(ii) B(u,u) > Collul]®>, Yue H.

Then there exists a unique u* € H such that
B(u*,v) = (L,v), Yv € H,

where (L,v) denotes the dual pairing of L and v.

The following definition of Gateuax and Fréchet derivatives, and the fol-
lowing theorem, are taken from Zorn [14], Griffel [22]'. It is possible to
define higher order Gateaux and Fréchet derivatives using different direc-
tions, however this will not be applied in this thesis, so the notation is
simplified by using the same direction in every order of the derivatives.

Definition C.4 (Gateaux and Fréchet Derivatives) Let X and Y be
normed spaces, with U C X being open and F': X — Y.

(i) F is said to be Gateaux differentiable at x € U with derivative F), :
X =Y, if the following limit exists:

F _F d
Bl m tim L FON = F@) Ao ne X
e—0 € de

A higher order Gateaux derivative in the direction n can be determined
simalarly by

d n
F(x + Z €x1)] ey ==en=0-

T dey  de,
1 n k=1

(i1) F is said to be Fréchet differentiable at x € U with derivative F), = L,,
if there exists a bounded linear operator L, : X — Y such that

[F(z +n) — Fz) — Lanlly

—0.
Inllx —0 171l x

!the remainder term for Theorem C.5 is from planetmath.org/encyclopedia/
taylorpolynomialsinbanachspaces.html


planetmath.org/encyclopedia/taylorpolynomialsinbanachspaces.html
planetmath.org/encyclopedia/taylorpolynomialsinbanachspaces.html
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If F' is Fréchet differentiable then it is also Gdteauz differentiable, and the
deriwvatives coincide. The converse is only true if the Gateaux derivative is
linear and bounded.

Theorem C.5 (Taylor Expansions in Gateaux Derivatives) Suppose
that F': X — Y with X, Y being Banach spaces, and that F' is k times con-
tinuously Gdteaux differentiable. Let U C X be an open subset such that
x+tneU forte|0,1], then

EFD(n) + REm),

Fladn) = Fz) + F(n) + -+ 5=

with the remainder term being

Ry(n) = ﬁ /0 (1 — )L ED, (n)dt.

Theorem C.6 Let {f;} be a sequence in LP(X,E, ) for some measure
space (X, E, p).

(1) If {f;} converges to f € LP(X,E, ) in the LP-sense, then there is a
subsequence { f;, } which converges pointwise a.e. to f.

(i) If {f;} converges to g € LP(X,E, ) in the LP-sense, and pointwise
a.e. to go, then gy = g9 a.e..






Appendix D

Source Code of
Implementation

OO UTURWN

This appendix will contain the source code for the implemented algorithms
for solving the inverse EIT problem. The language used is Python and
the main library used is dolfin from the FEniCS project [31]. It should be
noted that in Python the use of backslash \ denotes that the code continues
on the next line, and it is used to make code fit on the page.

D.1 Shared Functions

This section will contain the source code of the file SharedEITFunctions.py,
that contains functions that are shared by the sparsity and TV solvers.

Functions that are shared between the different EIT solvers
from dolfin import *
import numpy as np
import shelve # used to easily load/save stuff from/to files
Solves the Forward EIT problem with Neumann condition:
-div(sigmaxgrad(u)) = 0
sigma*du/dn = g
int trace(u) ds = 0
Input:
Mesh ’mesh’ mesh on which the problem is solved
Function ’sigma’ electrical conductivity

Function ’g’ Neumann -data
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Output:
Function ’u’ forward solution

nun

nun

Function ’g’
Function
Function ’F’

Function ’Tg’

Output:
Function

def FSolver (mesh,sigma,g):

# Define function space

V = sigma.function_space ()

R = FunctionSpace(mesh, "R", 0)

W=V xR

# Define trial and test functions

(u, c) TrialFunctions (W)

(v, d) = TestFunctions (W)

# Define forms and langrange multipliers

LangMult = (c*v + uxd)*ds # forces int u ds = int v ds

B = sigma*inner (grad(u), grad(v))*dx + LangMult

L = gxv*ds

# Compute solution

w = Function (W)

solve(B == L, w)

(u, c¢) = w.split(deepcopy = True)

return u
nmnn
Computes the discrepancy gradient \nabla J(sigma)
Input:

Mesh ’mesh’ mesh on which the problem is solved
Function ’sigma’ electrical conductivity

Neumann -data

’phi’ Dirichlet -data

forward solution F_g(sigma)
threshold function for partial data,
default = Constant (1.0)

’Jprime’ gradient of discrepancy

def Jsolver (mesh,sigma,g,phi,F,Tg = Constant(1.0)):
# Solve adjoint problem
adjointdata = (F-phi)x*Tg
utilde = FSolver (mesh,sigma,adjointdata)

Jprime = -inner (grad(utilde),grad(F))
return Jprime
nmnn
Computes the Sobolev gradient \nabla_s J(sigma)
Input:
Mesh ’mesh’ mesh on which the problem is solved
Function ’Jprime’ wusual gradient of discrepancy

0
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78 | Output:

79 | Function ’Js’ sobolev gradient of discrepancy
80 | v

81 |def Jsobolev(mesh,Jprime):

82 # Dirichlet BC

83 V = FunctionSpace(mesh,"CG",1)

84 def Js_boundary(x, on_boundary):

85 return on_boundary

86

87 bc = DirichletBC(V,Constant (0.0),Js_boundary)
88 # Define variational problem

89 Js = TrialFunction (V)

90 v = TestFunction (V)

91 B = inner(grad(Js),grad(v))*dx + Js*v*dx
92 L = Jprimex*v*dx

93 # Solve

94 Js = Function (V)

95 solve(B == L,Js,bc)

96

97 return Js

98

99

100

101 e

102 |A simple implementation of the H1 inner product, used to shorten
103 | code length.

104 nnn

105 | def H1IP(u,v):

106 return assemble ((u*v + inner(grad(u),grad(v)))x*dx)

109 nnn

110 | Computes a list of arrays, giving a correspondance between nodes
111 |and cells in the mesh. nodecells[k] will be an array of cell-id’s
112 | for node ’k’.

113

114 | Input:

115 |Mesh ’mesh’ mesh on which the problem is solved
116

117 | Qutput:

118 |List ’nodecells’ node-to-cell connectivity
119 | v

120 | def node2cell (mesh):

121 N = mesh.num_vertices ()

122 C = mesh.cells()

123 CN = len(C)

124 nodecells = 1list([] for k in xrange(N))
125 for k in xrange (CN):

126 c = C[k]

127 nodecells[c[0]]. append (k)

128 nodecells[c[1]]. append (k)

129 nodecells[c[2]]. append (k)

130

131 return nodecells

132

133

134

135 | v

136 | Computes an array containing the Ll-norm of the FEM basis



137
138
139
140

142
143
144
145
146

148
149
150
151
152
153
154

156
157
158

160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183

185
186
187
188
189

191
192
193
194
195

160

functions.

Input:

Mesh ’mesh’ mesh on which the problem is solved

Output:

List ’A° list of Ll-norms, in order of nodes in mesh

def BasisL1Norm(mesh):

# get node-cell connectivity

nodecells = node2cell (mesh)
= FunctionSpace (mesh,’CG’,1)
N = mesh.num_vertices ()
A = np.zeros(N) # for storing the Ll1-norms
v_array = np.zeros (N)
v
fo

<

= Function (V)
r k in xrange (N):
# get cells connected to node ’k’ and the ’k’th basis
# function
nc = nodecells [k]
v_array[k] = 1.0
v.vector () [:] = v_array
# get domain for cells connected to node ’k’ for the
# support of the ’k’th basis function
domain = CellFunction("uint",mesh)
domain.set_all (0)
for j in xrange(len(nc)):
domain.set_value(nc[j],1)
# only integrate on the support of basis function for
# efficiency
dx = Measure("dx")[domain]
Alk] = assemble(vxdx (1))
v_array[k] = 0.0

return A

Simply makes a version of arctan2 that returns in range [0,2*pi]

instead of [-pi,pil.

nun

def arctan3(y,x):

a = np.arctan2(y,x)
N = np.size(a)
if N == 1:

if a < 0:

a += 2*xpi
else:
for i in xrange(N):
if al[i] < O:
ali] += 2x*pi

return a

nun

Constructs expression for ’g’ giving a scaled and translated

Appendix D. Source Code of Implementation
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196 | version of either a sine or cosine, i.e.
197 |g = cos(2*pi/(theta2-thetal)*N*(theta-thetal)), and truncated
198 | such that it is zero outside [thetal,theta2].
199
200 | Input:
201 Boolean ’iscos’ True for cosine, False for sine
202 Constant ’N’ number of periods
203 | Constants ’thetal’,’theta2’ determines the range
204 [thetal ,theta2], default is
205 [0,2%pi]
206
207 | Output:
208 | Expression ’g’
209 nnn
210 |def g_exp(iscos,N,thetal = 0.0, theta2 = 2*pi):
211 class g(Expression):
212 def eval(self, values, x):
213 theta = arctan3(x[1],x[0])
214 if theta < thetal or theta > thetal:
215 values [0] = 0
216 elif iscos == True:
217 values [0] = np.cos(2*pi/(theta2-thetal)*Nx* \
218 (theta-thetal))
219 else:
220 values [0] = np.sin(2*pi/(theta2-thetal)*Nx* \
221 (theta-thetal))
222
223 return g()
224
225
226
227 | v
228 |Function that thresholds the boundary at a range [thetal,theta2],
229 | default is [0,2*pi]. Only works for unit circle domain.
230
231 | Input:
232 Mesh ’mesh’ mesh on which the problem is solved
233 | Constants ’thetal’,’theta2’ default values are 0.0 and 2*pi
234
235 | Output:
236 | Function ’Tg’ threshold function
237 |
238 | def ThresholdFunction(mesh,thetal = 0.0,theta2 = 2*pi):
239 V = FunctionSpace(mesh,’CG’,1)
240 Tg = Function (V)
241 N = mesh.num_vertices ()
242 coords = mesh.coordinates ()
243 Tg_array = np.zeros (N)
244 for k in xrange (N):
245 ¢ = coords [k]
246 # check if on boundary
247 if abs(c[0]**2+c[1]**2-1.0) < 1E-5:
248 a = arctan3(c[1],c[0])
249 if a >= thetal and a <= theta2:
250 Tg_array[k] = 1.0
251
252 Tg.vector () [:] = Tg_array
253 return Tg
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nun

Obtains the boundary for the unit circle case, and orders it in
terms of the angle.

Input:
Mesh ’mesh’ mesh on which the problem is solved
Function ’u’ function from which the boundary is extracted
Output:
List ’ang’ angular values
List ‘’val’ amplitude
nnn
def GetBoundary (mesh,u):

u_array = u.vector ().array()

coords = mesh.coordinates ()

angles = arctan3(coords[:,1],coords[:,0])
T = []

N = len(angles)
for i in xrange(N):
¢ = coords[i]
# check if on boundary
if abs(c[0]**2+c[1]**x2-1.0) < 1E-5:
T.append ((angles[i] ,u_array[i]))

dtype = [(’angles’,’double’),(’uval’,’double’)]

A = np.array(T,dtype)

A = np.sort(A,order=’angles’) # order points correctly
ang = A.getfield(’double’,0)

val = A.getfield(’double’,8)

return ang,val

nun

Simulate data for the EIT-problem using cosines and sines on the
boundary, on a mesh for the unit disk, and with given noise
level.

To avoid inverse crimes the forward problem is solved on a very
fine mesh, and then interpolated onto the given coarser mesh.

For ’k’ datasets of cosines/sines use an array ’cos_array’/
’sin_array’ of length ’k’, containing the number of periods for
the specific datasets.

’sigma’, exact data, noisy data, noiselvl, ’cos_array’,
’sin_array’, ’thetal’, and ’theta2’ will be saved to the file
given by ’filename’. Use the library ’shelve’ to retrieve it.

The functions will be saved as arrays.

Input:
Expression ’sigma’ the exact conductivity
Mesh ’mesh’ coarse mesh
Mesh ’fine_mesh’ fine mesh used to avoid
inverse crime
Constant ’noiselvl’ the noise level for the

additive white noise, in

Appendix D. Source Code of Implementation
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terms of L~ infty

List of constants ’cos_array’ Constants n that determines

the periods of the cosine
Neumann -data

List of constants ’sin_array’ Constants n that determines

the periods of the sine
Neumann -data
String ’filename’ name for the file where the

data is stored

Constants ’thetal’,’theta2’ scale and translate the
Neumann -data such that it is
supported in [thetal,theta2],
default is [0,2*pi])

def SimulateEITData(sigma,mesh,fine_mesh,noiselvl,cos_array,\

sin_array,filename ,thetal=0.0,theta2=2*xpi):
# allow interpolation between different meshes
parameters["allow_extrapolation"] = True
V = FunctionSpace (mesh,’CG’,1)
Vfine = FunctionSpace(fine_mesh,’CG’,1)
sigmafine = project(sigma,Vfine)
sigmafun = project(sigma,V)
NumVert = mesh.num_vertices ()
u_exact_array = []
u_noise_array = []
maxval = 0
for j in xrange (2):
if j == 0:
iscos = True
n_array = cos_array
else:
iscos = False
n_array = sin_array
k = len(n_array)
for i in xrange(k):
# solve and save exact data
g = g_exp(iscos,n_array[i],thetal,theta2)
u_fine = FSolver(fine_mesh,sigmafine,g)
u = Function(V)
# down sample to coarse mesh
u = interpolate(u_fine,V)
u_array = u.vector ().array()
u_exact_array.append(u_array)
# get max value of boundary
ang ,val = GetBoundary (mesh,u)
maxval = max([abs(val).max () ,maxvall)

# now adding noise according to

# noiselvl*max_k max_x u(on bdry)

for i in xrange(len(u_exact_array)):
noise = noiselvl*maxval#*np.random.normal (0,1, NumVert)
u_noise_array.append(u_exact_array[i] + noise)

# save it all to a file

data = shelve.open(filename)
data["noiselvl"] = noiselvl

data["sigma"] = sigmafun.vector ().array()
data["u_exact_array"] = u_exact_array

data["u_noise_array"] = u_noise_array
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373 data["cos_array"] = cos_array
374 datal["sin_array"] = sin_array
375 data["thetal"] = thetal

376 data["theta2"] = theta2

377 data.close ()

D.2 Sparsity Solver

This section will contain the source code of the file EITSparsitySolver.py
that contains the implementation of the sparsity solver.

1 nnn

2 | Source code for the sparsity solver for EIT

3 nnn

4

5 |from dolfin import *

6 | import numpy as np

7 | from SharedEITFunctions import *

8

9

10 nnn

11 |Computes Tikhonov functional Psi(delta_sigma) using the finite
12 | element basis.

13

14 | Input:

15 Mesh ’mesh’ mesh on which the problem is
16 solved

17 List of Constant ’alpha_array’ reg. parameters

18 Function ’sigma0’ background

19 Function ’delta_sigma’ inclusion

20 |List of expressions ’g_array’ Neumann -datasets

21 List of data ’phi_array’ Dirichlet -datasets

22 List of functions ’F_array’ used to store forward solution
23 Function ’Tg’ threshold function for partial
24 data, default = Constant (1.0)
25 List of constants ’w_array’ optional weights for

26 discrepancy, default = 1

27

28 |Output:

29 Double ’Psi’ evaluation of the Tikhonov
30 functional

31 nnn

32 |def PsiEval (mesh,alpha_array,sigma0O,delta_sigma,g_array,\

33 phi_array ,F_array,Tg = Constant(1.0),w_array=None):
34 print "Evaluating Tikhonov functional"

35 N = len(g_array)

36 V = sigmaO.function_space ()

37 sigma = Function (V)

38 sigma.vector () [:] = sigmaO.vector().array() + \

39 delta_sigma.vector ().array ()

40 # Set default values of weights if not given

41 if w_array == None:

42 w_array = np.ones (N)

43

44 # Find discrepancy

45 J =0
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for k in xrange (N):

# Solve forward problem

u = FSolver (mesh,sigma,g_array([k])

F_array[k] = u

# Evaluate part of discrepancy

udiff = Function(V)

udiff.vector () [:] = u.vector().array() - \

phi_array[k].vector ().array ()

J = J + w_array[k]*assemble(udiff*udiff*Tg*ds)

J = 0.5%J

# Compute 11 penalty-term
penalty = abs(alpha_array*delta_sigma.vector().array()).sum()

return J + penalty

Soft shrinkage operator.

Input:
Function ’u’
List of constants ’beta_array’ parameters corresponding to each
node
Output:

Function ’v’ the soft shrinkage of ’u’
def SoftShrinkage (u,beta_array):
V = u.function_space ()
= Function (V)
makes a copy of the array from u (not the pointer to the
actual array in u)
_array = u.vector().array()
# perform soft shrinkage at nodes
for k in xrange(len(v_array)):
vk = v_array [k]
v_array[k] = np.sign(vk)#*np.max([abs(vk) - \
beta_array[k],0])
v.vector () [:] = v_array

< H# <

return v

Computes step size for iteration, and returns the soft shrinkage
for that step.

Input:
Function ’sigma0’ background
Mesh ’mesh’ mesh on which the problem
is solved
Function ’delta_sigma’ inclusion
Function ’delta_sigma_prev’ inclusion from previous
iterate

Function ’Js’ sobolev gradient of J
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Function ’Js_prev’ sobolev gradient of J
from previous iterate
List of functions ’psi_array’ evaluations of Psi(sigma)
up to current iteration
List of functions ’g_array’ Neumann -datasets
List of functions ’phi_array’ Dirichlet -datasets
List of functions ’F_array’ used to store forward
solution
List ’param’ parameters [s_min,s_max,
M,tau,q,alpha_array,
s_stop,I_max,beta_array]
in that exact order
Function ’Tg’ threshold function for
partial data, default =
Constant (1.0)
List of constants ’w_array’ optional weights for
discrepancy, default = 1
Qutput:
Double ’s’ step size
Function ’soft_step’ next iterate
nmnn
def StepSize(sigmaOl ,mesh,delta_sigma,delta_sigma_prev,Js,\

Js_prev ,psi_array,g_array,phi_array,F_array,param,\
Tg=Constant (1.0) ,w_array=None):

# unpacking parameters

s_min = param[0]

s_max = param[1]

M = param[2]

tau = param[3]

q = param[4]

alpha_array = paraml[5]

beta_array = param[8]

s_stop = param[6]

V = sigmaO.function_space ()

# we want to look back M steps, but initially we only have N

N = len(psi_array)
if N < M:
M =N
# initialize step, if N = 1 then we are at first iteration
if N == 1:
# at first iteration we have no step size estimate
s = s_max
else:

diff_sigma = Function (V)
diff_Js = Function (V)
diff_sigma.vector ()[:] = delta_sigma.vector().array() - \
delta_sigma_prev.vector ().array ()
diff_Js.vector ) [:]1 = Js.vector().array() - \
Js_prev.vector ().array ()
IPsigmaJs = H1IP(diff_sigma,diff_Js)
IPsigma2 = H1IP(diff_sigma ,diff_sigma)
# avoid division with zero in special cases
if IPsigma2 == 0.0:
s = s_min
elif IPsigmalJs == 0.0:
s = s_max
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else:
s = H1IP(diff_sigma,diff_sigma)/ \
H1IP(diff_sigma ,diff_Js)

# make initial step size lie in [s_min, s_max]
s = np.min([np.max([s_min, s]), s_max])
# check weak monotonicity
accept = False
psi_max = np.array(psi_array[N-M:N]).max ()
delta_step = Function (V)
while accept == False:
delta_step.vector () [:] = delta_sigma.vector().array() - \

s*Js.vector ().array ()
soft_step = SoftShrinkage(delta_step,s*beta_array)
diff = Function(V)
diff.vector()[:] = soft_step.vector().array() - \
delta_sigma.vector ().array()
upperbound = psi_max - O.5*tau/s*H1IP(diff ,diff)
psi_step = PsiEval(mesh,alpha_array,sigma0O,soft_step,\
g_array ,phi_array,F_array,Tg,w_array)
print "step size: ", s
# if weak monotonicity holds we accept the step
if psi_step <= upperbound or s <= s_stop:
accept = True
# otherwise we decrease s by factor q
else:
print "Reducing step size"
s = s/q
# append psi evaluated at next step
print "Psi: ", psi_step
psi_array.append(psi_step)
return s, soft_step

Iterative solver that minimizes the Tikhonov functional
Psi(delta_sigma), and produces a candidate for the inverse
EIT-problem for the continuum model:

-div(sigma*xgrad(u)) = 0
sigma*du/dn g
int u ds 0

The method supports multiple datasets (g_k,phi_k), where g_k is
the Neumann-data and phi is the measured Dirichlet -data
corresponding to trace(u)+noise.

The FEM elements used are Lagrange elements of degree 1.

If ’alpha_array’ has length 1, then it is extended to an array of

correct length with this value at all entries.
Input:
Function ’sigma0’ background
Mesh ’mesh’ mesh on which the problem is
solved
List of functions ’g_array’ Neumann -datasets

List of functions ’phi_array’ Dirichlet -datasets
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List of

Output:
List
List

List

nun

vV =

Js

psi_

List

Function

constants

Function
of double

of double
of arrays

alpha_array =

’param’ parameters [s_min,s_max,M,tau,q,
alpha_array,s_stop,I_max], in
this exact order
s_min,s_max : bounds for initial

step sizes
M,tau : parameters for
weak monotonocity
q : factor for reducing
step sizes
alpha_array : reg. parameters
s_stop : stopping criteria
for step sizes
I_max : maximum no. of
iterations

’Tg? threshold function for partial
data, default = Comnstant (1.0)

’w_array’ optional weights for discrepancy,
default = 1

’sigma’ final solution

’psi_array’ evaluations for Psi for each
iteration

’s_array’ step sizes for each iteration

’sigma_array’ solution in each iteration

def SparsitySolver (sigmaO ,mesh,g_array,phi_array,param,\

Tg = Constant (1.0),w_array = None):

# initialize
K = len(g_array)
N = mesh.num_vertices ()
# Set default values of weights if not given
if w_array == None:
w_array = np.ones (K)
stop = False

param[5]

# Make sure that alpha_array has correct length
if np.size(alpha_array) == 1:
alpha_array = alpha_array*np.ones(N)
param[5] alpha_array

# make beta_array, given by alpha_array weighted by FEM
# basis L1-norm

beta_array =
param. append (beta_array)
S_stop = paraml[6]

I_max = param[7]

alpha_array/BasisL1Norm (mesh)

sigma0O.function_space ()

sigma = Function (V)
delta_sigma =
delta_sigma_prev = Function(V)

Function (V)

Function (V)

Js_prev = Function(V)
array = []
s_array = []
sigmaOarray =
sigma_array =
# make list for storing forward solution at each iteration
F_array = 1list([] for k in xrange (K))

# evaluate Psi at start point

sigma0.vector ().array ()

(]
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psiO0 = PsiEval (mesh,alpha_array,sigmaO,delta_sigma,g_array,\
phi_array ,F_array,Tg,w_array)

psi_array.append (psiO)

i=20

# begin iterating

while stop == False:
i = i+1
print "Iteratiomn: ", i
sigma.vector () [:] = sigmaOarray + \

delta_sigma.vector ().array()
sigma_array.append(sigma.vector ().array())
# computing discrepancy gradient
Jprime = Function (V)
for k in xrange (K):
Jprime = Jprime + w_array[k]*Jsolver (mesh,sigma,\
g_array[k],phi_array[k],\

F_array[k],Tg)
# computing Sobolev gradient
Js_prev.vector () [:] = Js.vector().array()
Js = Jsobolev(mesh,Jprime)

# compute step size and next step
s, soft_step = StepSize(sigmal ,mesh,delta_sigma,\
delta_sigma_prev,Js,Js_prev,\
psi_array,g_array,phi_array,\
F_array ,param,Tg,w_array)
s_array.append(s)
delta_sigma_prev.vector () [:] = delta_sigma.vector (). \
array ()
delta_sigma.vector()[:] = soft_step.vector().array()
# check stopping conditions
if i == I_max or s <= s_stop:
stop = True
# compute final sigma
sigma.vector () [:] = sigmaOarray + \
delta_sigma.vector ().array()
sigma_array.append(sigma.vector ().array())
return sigma, psi_array, s_array, sigma_array

D.3 Total Variation Solver

This section will contain the source code of the file EITTVSolver.py that
contains the implementation of the TV solver.

Source code for the total variation solver for EIT
nnn

from dolfin import =*
import numpy as np
from SharedEITFunctions import x*

Computes Tikhonov functional Psi(sigma) using the finite element
basis.

Input:
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Mesh ’mesh’ mesh on which the problem is
solved
Constants ’beta,c’ reg. parameters
Function ’sigma0’ background
Function ’delta_sigma’ inclusion
List of expressions ’g_array’ Neumann -datasets
List of data ’phi_array’ Dirichlet -datasets
List of functions ’F_array’ used to store forward solution
Function ’Tg’ threshold function for partial
data, default = Constant (1.0)
List of constants ’w_array’ optional weights for
discrepancy, default = 1
Output:
Double ’Psi’ evaluation of the Tikhonov

functional
nnn
def PsiEval (mesh,beta,c,sigma0,delta_sigma,g_array,phi_array,\
F_array,Tg = Constant (1.0),w_array=None):
print "Evaluating Tikhonov functional"
N = len(g_array)

V = sigmaO.function_space ()
sigma = Function (V)
sigma.vector () [:] = sigmaO.vector().array() + \

delta_sigma.vector ().array()
# Set default values of weights if not given
if w_array == None:
w_array = np.ones(N)

# Find discrepancy
J =0
for k in xrange(N):
# Solve forward problem
u = FSolver (mesh,sigma,g_arrayl[k])
F_array[k] = u
# Evaluate part of discrepancy
udiff = Function (V)
udiff.vector () [:] = u.vector().array() - \
phi_array[k].vector ().array()
J = J + w_array[k]l*xassemble (udiff*udiff*Tgx*ds)
J = 0.5%J

# Compute TV penalty-term
penalty = beta*assemble(sqrt(inner (grad(delta_sigma), \
grad(delta_sigma))+Constant (c))*dx)

return J + penalty

nun

Computes the TV step given a parameter ’beta’ or s*beta as in the
algorithm.

Input:

Function ’delta_sigma’ current iterate

Function ’gamma’ delta_sigma-s_i*nabla_s J(sigma_i)
Constants ’beta,c’ reg. parameters
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Output:
Function ’TV_step’ the new TV step
def TVStep(delta_sigma, gamma,beta,c):
V = delta_sigma.function_space ()
def bdry(x, on_boundary):
return on_boundary

bc = DirichletBC(V,Constant (0.0),bdry)

v TestFunction (V)

u = TrialFunction (V)

# make variables to shorten code

f = inner(grad(delta_sigma),grad(delta_sigma))+Constant (c)
f1 = Constant(beta)/sqrt(f)

f2 = f1/f

# setting up the forms

B = u*v*dx + inner ((Constant (1)+f1l)*grad(u),grad(v))*dx - \
f2*inner (grad(delta_sigma),grad(u))* \
inner (grad(delta_sigma),grad(v))*dx

L = gamma*v*dx + inner ((grad(gamma)-£f2x \
inner (grad(delta_sigma),grad(delta_sigma))* \
grad(delta_sigma)),grad(v))*dx

# solving

TV_step = Function (V)

solve(B == L,TV_step,bc)

return TV_step

Computes step size for iteration, and returns the next TV step.

Input:
Function ’sigma0’ background
Mesh ’mesh’ mesh on which the problem
is solved
Function ’delta_sigma’ inclusion
Function ’delta_sigma_prev’ inclusion from previous
iterate
Function ’Js’ sobolev gradient of J
Function ’Js_prev’ sobolev gradient of J
from previous iterate
List of functions ’psi_array’ evaluations of Psi(sigma)
up to current iteration
List of functions ’g_array’ Neumann -datasets
List of functions ’phi_array’ Dirichlet -datasets
List of functions ’F_array’ used to store forward
solution
List ’param’ parameters [s_min,s_max,

M,tau,q,beta_array,

s_stop,I_max,c], in that

exact order

Function ’Tg’ threshold function for
partial data,
default = Constant (1.0)
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List of constants ’w_array’ optional weights for
discrepancy, default = 1
Output:
Double ’s’ step size
Function ’TV_step’ next iterate

def StepSize(sigmaO ,mesh,delta_sigma,delta_sigma_prev,Js,\

Js_prev,psi_array,g_array,phi_array,F_array,param,\
Tg=Constant (1.0) ,w_array=None):

# unpacking parameters

s_min = param[0]

s_max = param[1]

M = param[2]

tau = param[3]

q = paraml[4]

beta = param[5]

¢ = param[8]

s_stop = paraml[6]

V = sigmaO.function_space ()

# we want to look back M steps, but initially we only have N

N = len(psi_array)
if N < M:
M =N
# initialize step, if N = 1 then we are at first iteration
if N == 1:
# at first iteration we have no step size estimate
s = s_max
else:

diff_sigma = Function (V)
diff_Js = Function (V)
diff_sigma.vector () [:] = delta_sigma.vector().array() - \
delta_sigma_prev.vector ().array ()
diff_Js.vector()[:] = Js.vector().array() - \
Js_prev.vector ().array ()
IPsigmaJs = H1IP(diff_sigma,diff_Js)

IPsigma2 = H1IP(diff_sigma ,diff_sigma)
# avoid division with zero in special cases
if IPsigma2 == 0.0:
s = s_min
elif IPsigmaJs == 0.0:
s = s_max
else:
s = H1IP(diff_sigma ,diff_sigma)/ \

H1IP(diff_sigma,diff_Js)

# make initial step size lie in [s_min, s_max]

s = np.min([np.max([s_min, s]), s_max])
# check weak monotonicity
accept = False
psi_max = np.array(psi_array[N-M:N]).max ()
delta_step = Function (V)
while accept == False:

delta_step.vector () [:] = delta_sigma.vector().array() - \

s*Js.vector ().array ()
TV_step = TVStep(delta_sigma,delta_step,s*beta,c)
diff = Function(V)
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diff.vector()[:] = TV_step.vector().array() - \
delta_sigma.vector ().array ()
upperbound = psi_max - 0.5*tau/s*H1IP(diff,diff)
psi_step = PsiEval(mesh,beta,c,sigma0O,TV_step,g_array,\
phi_array ,F_array,Tg,w_array)
print "step size: ", s
# if weak monotonicity holds we accept the step
if psi_step <= upperbound or s <= s_stop:
accept = True
# otherwise we decrease s by factor q
else:
print "Reducing step size"
s = s/q
# append psi evaluated at next step
print "Psi: ", psi_step
psi_array.append(psi_step)
return s, TV_step

Iterative solver that minimizes the Tikhonov functional

Psi(sigma), and produces a candidate for the inverse EIT-problem
for the continuum model:
-div(sigma*grad(u)) = 0
sigma*du/dn = g
int u ds = 0

The method supports multiple datasets (g_k,phi_k), where g_k is

the Neumann-data and phi is the measured Dirichlet -data
corresponding to trace(u)+noise.
The FEM elements used are Lagrange elements of degree 1.
Input:
Function ’sigmaO0’ background
Mesh ’mesh’ mesh on which the problem is
solved

List of functions ’g_array’ Neumann -datasets
List of functions ’phi_array’ Dirichlet -datasets

List ’param’ parameters [s_min,s_max,M,tau,q,

beta_array,s_stop,I_max,c], in

this exact order
s_min,s_max : bounds for initial
step sizes
M,tau : parameters for weak
monotonocity
q : factor for reducing
step sizes
beta_array,c : reg. parameters
s_stop : stopping criteria
for step sizes
I_max : maximum no. of
iterations
Function ’Tg’ threshold function for partial

data, default = Constant (1.0)
List of constants ’w_array’ optional weights for discrepancy,
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default = 1
Qutput:
Function ’sigma’ final solution
List of double ’psi_array’ evaluations for Psi for each
iteration
List of double ’s_array’ step sizes for each iteration

List of arrays ’sigma_array’ solution in each iteration
def TVSolver (sigmaO ,mesh,g_array,phi_array,param,\
Tg = Constant (1.0),w_array = None):
# initialize
K = len(g_array)

# Set default values of weights if not given
if w_array == None:
w_array = np.ones (K)

stop = False

beta = param[5]

¢ = param[8]

s_stop = param[6]

I_max = paraml[7]

V = sigmaO.function_space ()

sigma = Function (V)

delta_sigma = Function (V)

delta_sigma_prev = Function (V)

Js = Function (V)

Js_prev = Function (V)

psi_array = []

s_array = []

sigmaOarray = sigmaO.vector().array()

sigma_array = []

# make list for storing forward solution at each iteration
F_array = 1list([] for k in xrange (X))

psi0 = PsiEval (mesh,beta,c,sigma0,delta_sigma,g_array,\

phi_array ,F_array,Tg,w_array)

psi_array.append(psiO)
i=20
# begin iterating
while stop == False:

i=i+1

print "Iteration: ", i

sigma.vector () [:] = sigmaOarray + \

delta_sigma.vector ().array()

sigma_array.append(sigma.vector ().array())

# computing discrepancy gradient

Jprime = Function (V)

for k in xrange(K):

Jprime = Jprime + w_arrayl[k]*Jsolver (mesh,sigma,\

g_array [k],phi_array[k],\
F_array[k],Tg)

# computing Sobolev gradient
Js_prev.vector () [:] = Js.vector().array()
Js = Jsobolev(mesh,Jprime)

# compute step size and next step

s, TV_step = StepSize(sigmaO ,mesh,delta_sigma,\
delta_sigma_prev,Js,Js_prev,\
psi_array,g_array,phi_array,\
F_array,param,Tg,w_array)

s_array .append(s)
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delta_sigma_prev.vector ()[:] = delta_sigma.vector (). \
array ()
delta_sigma.vector () [:] = TV_step.vector().array()
# check stopping conditions
if i == I_max or s <= s_stop:
stop = True
# compute final sigma
sigma.vector () [:] = sigmaOarray + \
delta_sigma.vector ().array ()
sigma_array.append(sigma.vector ().array())
return sigma, psi_array, s_array, sigma_array

D.4 Sample Code

This section contains a small sample of code that shows how to use the
above implementations to simulate data, load the data, run the sparsity
solver, and finally visualize the result.

Test the implementation for inverse EIT
nnn

from dolfin import x*

import numpy as np

import matplotlib.pyplot as py

import shelve # used to easily load/save stuff from/to files
import EITSparsitySolver as eit

# parameters

fine_mesh = Mesh("../mesh/finemesh.xml")
mesh = Mesh("../mesh/mediummesh.xml")

V = FunctionSpace (mesh,’CG’,1)

datafile = "data"

resultfile = "result"

M =5

q =2

s_stop = 1E-3

s_min = 1.0

s_max 1000.0

I_max 200

tau = 1E-5

alpha 2E-5

param = [s_min,s_max,M,tau,q,alpha,s_stop,I_max]
thetal = 0.0

=

theta2 = 2x*pi

Tg = eit.ThresholdFunction (mesh,thetal,theta2)
w_array = None # using default weights

# simulate data

r = 0.4

cx = -0.3

cy = 0.3

C =5

class sigmafun(Expression):
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def eval(self, values, x):
if np.sqrt ((x[0]-cx)**2+(x[1]-cy)**2) < r:
values [0] = 1+C
else:
values [0] = 1

sigma = sigmafun ()
cos_array = [1,2,3,4,5]
sin_array = [1,2,3,4,5]
noiselvl = 1E-3

eit.SimulateEITData(sigma ,mesh,fine_mesh ,noiselvl,cos_array,\
sin_array ,datafile)

# load data

data = shelve.open(datafile)

sigma = Function (V)

sigma.vector () [:] = data["sigma"]
u_exact_array = datal["u_exact_array"]
u_noise_array = data["u_noise_array"]
cos_array = datal["cos_array"]
sin_array = datal["sin_array"]
data.close ()

g_array = []

phi_array = []

for j in range(0,2):

if j == O:
n_array = cos_array
iscos = True
p =20

else:
n_array = sin_array
iscos = False
p = len(cos_array)

k = len(n_array)

for i in range(0,k):
phi = Function (V)
phi.vector () [:] = u_noise_array[i+p]
g = eit.g_exp(iscos,n_array[i],thetal,theta2)
phi_array.append (phi)
g_array.append(g)
sigmaO = interpolate(Constant(1.0),V)

# attempt reconstuction

# we do not want 100’s of "solving problem" logs
set_log_active (False)
sigma_approx ,psi_array,s_array,sigma_array = \
eit.SparsitySolver (sigmaO ,mesh,g_array,phi_array,param,Tg,\
w_array)

# visualize result

plot (sigma_approx ,warpscalar=False,title=’sigma approx’)
plot (sigma,warpscalar=False,title=’exact sigma’)
interactive ()
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